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I. GENERAL, DEFINITIONS, METHODS 

In an earlier paper (JENNINGS 1916) the present author has given 
formulae for the results of various systems of breeding, with respect 
to a single pair of characters." When more than one pair are considered, 
the distribution of characters that Mendelism seemed to give has been 
greatly modified by the further discovery that characters may be linked. 
A first and perhaps practically most important step in determining the 
actual distribution is to deal numerically with two pairs of characters, 
linked or independent; this is what the present paper undertakes. The 
problem is to discover formulae which for a given system of breeding 
will give in later generations the proportions of the different classes of 
individuals (zygotes) with respect to two pairs of characters, when 
we know the constitution of the original progenitors. The present paper 
deals with: random mating; selection with respect to a single character 
(dominant or recessive) ; assortative mating with respect to a single 
character; and self-fertilization. Inbreeding is reserved for separate 
treatment. Only typical characters, not sex-linked, are dealt with. 


(1) DESIGNATION OF FACTORS 
The two members of a pair of alternative factors will be designated 
A and a; of a second pair, B and b, the capital letter representing in 


1 Certain points in this earlier paper require mention or correction: 

(1) In section (8), page 65, the values given for AA, aa and Aa, hold for any later 
generation; the constitution of the population does not change with later 
matings, as stated in the text. This was pointed out to me independently by 
Dr. C. H. DanrortH ard by Dr. S—EweLtt Wricut. A slip with this correction 
was enclosed with the reprints distributed. [In the meantime the matter has 
been fully discussed by WENTWorTH and Remick (1916).—Note added in cor- 
recting the proof.]| 

(2) Essentially the formulae of sections (35) and (36), page 73, had been given 
by DeTLeFsEN (1914, p. 95). DETLEFSEN includes in n the first cross, so that 
his formulae are stated in slightly different terms. I regret that I overlooked 
DETLEFSEN’s work, which contains much of great interest on the theoretical 
results of continued inbreeding. 

(3) In the exampie under section (28), page 70, the value for aa should be 85/144 
in place of 91/144. 

(4) In table 1, series L, under “How formed,” read “Bn Fp-, Gn-.” 
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each case the dominant factor. In giving the constitution of an indi- 
vidual the juxtaposition of the letters will indicate the constitution of 
the gametes from which the individual was formed, and consequently 
at the same time the linkage, if there is linkage. Thus the individual 
ABab is formed from the gametes AB and ab, and if there is linkage, 
this is between 4 and B on the one hand, between a and b on the other. 
The individual AbaB was formed from the gametes Ab and aB, and 
the linkage, if any, is between 4 and b on the one hand, a and B on the 
other. 


(2) LINKAGE; DESIGNATION OF THE LINKAGE RATIO 7 


When two pairs of factors are dealt with, these may be independent 
or linked. In the former case any possible combination of the two pairs 
occurs in the gametes as frequently as any other. But when two factors 
are linked, the combinations found in the gametes which produced the 
given parents occur in the gametes produced by those parents more fre- 
quently than do other combinations. Thus, if the individual ABab was 
produced by union of the two gametes AB and ab, then when this indi- 
vidual forms gametes, there will be more gametes of the constitutions 
AB and ab than of the constitutions Ab and aB. 

We shall designate the linkage ratio by the letter r. This number r 
indicates therefore the number of gametes showing the same combina- 
tion of factors that occurred in the foregoing generation of gametes, 
in proportion to 1 showing other combinations. Thus, if in the case 
just cited, there are produced 3 gametes of the constitution AB (or ab) 
to 1 of Ab (or aB), the value of the linkage ratio r is 3. It is prac- 
tically important to observe that for the working out of numerical pro- 
portions, “independence” of factors is merely a special case of linkage,— 
the particular case in which the value of the linkage ratio r is 1. Thus, 
if we derive general formulae for the results of linkage, these will in- 
clude also the results when the factors are independent; in the latter case 
for numerical results it will merely be necessary to give to the letter r 
the value 1. As is well known, the value of r, the linkage ratio, may 
vary in different cases from I up to 80 or 100, or more. 

In certain known cases, where linkage occurs, it is complete in one 
sex, the two factors involved acting in that sex like a single one. Thus, 
from the parent ABab there are produced in one sex but two sorts of 
gametes, AB and ab, in equal proportions, while the other sex gives 
r AB :1 Ab:1aB:rab. It is not certain that this completeness of the 
linkage in one sex holds for all organisms, so that we shall deal both 
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with this case, and the case in which linkage is the same in both sexes. 

The relative frequency with which the different gametes are formed 
of course affects the frequency with which individuals (zygotes) with 
particular combinations of factors appear in the next generation. Our 
task is to discover general formulae for the proportions of the different 
classes of zygotes with respect to two characters, whatever the degree 
of linkage; formulae from which numerical results are obtainable when 
the proper values are substituted for r. The solution of this problem 
is quite independent of the question of the cause of linkage. It merely 
requires that there shall be in each case some fairly constant average 
ratio between the number of gametes which show the original combina- 
tions and those which show the new combinations; the work of many 
investigators has shown that this is the case. 

When two pairs of factors are dealt with, whether linked or inde- 
pendent, it is not possible from a knowledge of the constitution of the 
zygotes with respect to each pair taken separately, to tell how the two 
pairs will be combined; the rules of combination must be worked out 
for themselves. This principle will receive illustration in the present 
paper (see section (21) ). 


(3) METHOD 

With respect to two pairs of factors there are 4 diverse sorts of 
gametes, AB, Ab, aB and ab. The combinations of these 4 kinds of 
gametes give 10 diverse kinds of zygotes; these and their origin from 
the gametes are illustrated in table 6. Owing to this considerable num- 
ber of diverse kinds of zygotes, direct formulae for the zygotes of a 
later generation in terms of those of an earlier generation become com- 
plex, unless we begin with parents of a single simple type. On this 
account it is, wherever possible, simpler to break the computation into 
two steps: (1) to obtain the proportions of the four different kinds of 
gametes derivable from the given zygotes; (2) from the gametic pro- 
portions thus reached, the proportions of the different sorts of zygotes 
for the next generation are obtained. We shall therefore present 
formulae for each of these steps, and the computations for any par- 
ticular case will usually require the use of both these formulae, save in 
special cases where it is possible to develop single, more comprehensive, 
formulae. ; 

This method of proceeding by two steps (first finding the gametes, 
then from these the zygotes) depends upon the principle that random 
mating of zygotes gives the same results as random mating of the 
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gametes which they produce. The particular way in which the gametes 
have been united in the parental zygotes does not affect the results of 
random mating. This principle is easily demonstrated algebraically. 
Where the mating is not at all at random, as in self-fertilization, the 
principle cannot be employed; we must devise formulae for the direct 
transformation of one generation of zygotes into a later one. 


(4) TWO CLASSES OF FORMULAE; GENERAL AND SPECIAL 

Two classes of formulae are obtainable: 

General formulae for transforming generation n into generation 
n+ rz. One class is of general application, so that whatever the con- 
stitution of the parental population, by means of the formulae the con- 
stitution of the population in later generations is obtainable. For 
example, the original population may be composed of diverse individuals 
in the proportions 3 ABAB + 1 abab + 1 AbaB + 4 ABaB, and we may 
desire to know the constitution of the population in some later genera- 
tion after breeding by random mating or assortative mating, or the like. 
Such general formulae can as a rule be given only for determining the 
constitution of the next following generation; the formulae can then 
be reapplied for determining the constitution of the next generation, 
and so on indefinitely. Thus such general formulae may be characterized 
as formulae for transforming generation m into generation m + I. 

Special formulae for parents ABab, etc. The second class consists 
of special formulae, for important particular cases, the main such case 
being that in which the original parents are all alike and are of the type 
ABab or AbaB. For such parents, which represent the case to which 
the formulae will most commonly be applied, it is possible, for some 
systems of breeding, to obtain formulae that will give directly the con- 
stitution of the population in any later generation, without working out 
the constitution in the intervening generations. For example, if the 
original progenitors are ABab, we may by a proper formula determine 
at once what will be the constitution of the population after seven suc- 
cessive random matings, or ten successive self-fertilizations, or the like. 


(5) ORDER OF TREATMENT 

We shall first set forth the different classes of zygotes and gametes 

with respect to two pairs of factors, and propose algebraic designations 
for the proportional numbers in which each occurs in any case. 

We shall then take up the derivation of the general and special 

formulae for each system of breeding, dealing separately with the cases 
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in which linkage is the same in the formation of both sorts of gametes, 
and that in which linkage is complete in forming one of the sets of 
gametes. The formulae derived will be grouped in a series of num- 
bered tables, which for convenience of reference will be placed all to- 
gether at the end of the paper. 


(6) CLASSES OF ZYGOTES WITH RESPECT TO TWO PAIRS OF FACTORS, AND 
THEIR DESIGNATIONS 

With respect to two pairs of factors, and having regard to linkage, 
there are ten diverse types of zygotes, the origin of which is illustrated 
in table 6. Any or all of these ten types may be included, in various 
proportions, in any population. The proportional numbers of these 
various classes of zygotes in any generation will be designated by the 
letters c to 1, with the significations shown in table 1 (page 141). In 
table 1 we classify as homozygotes those that are homozygotic with 
respect to both pairs of factors; as heterozygotes those heterozygotic 
with respect to both pairs of factors; as mixed those homozygotic with 
respect to one pair, heterozygotic with respect to the other. Any popula- 
tion may be represented by table 1, when proper values are given to 
the letters c to 1. 

In the later treatment the letters c to / will be used to designate in 
brief the proportions of the various types of zygotes to which the given 
letter is assigned in this table 1; thus, g will be understood to signify 
always the number of zygotes having the constitution ABab; j the num- 
ber of ABaB, etc. In specific cases the values of c to / will be diverse. 
Thus in the population composed of 3 ABAB + 1 abab + 1 AbaB + 
4 ABaB, the value of c is 3, f==1, h=1, j = 4, while the value of the 
other letters is o. 


(7) CLASSES OF GAMETES WITH RESPECT TO TWO PAIRS OF FACTORS, AND 
THEIR DESIGNATIONS 
There are four classes of gametes with respect to two pairs of factors. 
We shall designate their (relative) numbers in any given case by the 
letters p, g, s and t, with the significations shown in table 2 (page 141). 
As in the case of the zygotes, so here, the letter p will at times be 
used by itself to designate the number of gametes of the type AB, q the 
number of AB), etc. 
II, RANDOM MATING 


We shall first obtain formulae for the proportional numbers of the 
different sorts of gametes produced by any population of zygotes (of 
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generation 7) ; these will be the gametes for producing generation m + I. 

Next we shall get formulae for the zygotes (of generation % + 1) re- 
sulting from the random mating of this (or of any) set of gametes. 

Third, we shall develop formulae by which the proportions of the 
gametes for the next following generation may be obtained when we 
know the proportions of the gametes for the foregoing generation,— 
so that the proportions of the zygotes may be omitted from considera- 
tion until the generation is reached for which the zygotic proportions 
are desired. 

Finally we shall take up special formulae for particularly important 
cases, such as that in which the original parents are all ABab or AbaB. 


DERIVATION OF THE PROPORTIONS OF THE DIFFERENT KINDS OF GAMETES 
PRODUCED BY ANY KNOWN SET OF ZYGOTES 

Any population of zygotes may be represented in the way shown in 
table 1, by giving proper values to c.../. Our present question is: What 
will be the relative numbers of the four different sorts of gametes pro- 
duced by such a population? Or since the relative proportions of the 
four sorts of gametes are designated by the letters p, g, s and ¢ (table 2), 
what we require is to derive the values of p, g, s and ¢ in terms of c to] 
(of table 1). 

In deriving the gametes from the zygotes, it is to be remembered 
that the original gametic union that produced the zygotes of table 1 
(and hence the linkage), is indicated by the juxtaposition of the letters, 
and that the linkage ratio is r. 


(8) LINKAGE RATIO =r 

Taking first one of the heterozygotes, as ABab, the gametes are 
r AB :1 Ab :1aB:rab. In order to realize these proportions it is 
evidently necessary that each such zygote should produce 2r + 2 gametes. 
To keep the proportions correct throughout, each gamete of table 1, 
whatever its constitution, must be considered to produce 2r ++ 2 gametes, 
although from a homozygote these will all be alike, and from a mixed 
zygote there will be but two sorts, in equal numbers. We shall there- 
fore find that the zygotes of table 1 give the gametes shown in the first 
column of table 3. 

Having obtained table 3, we collect from the column “linkage = r” 
the various values for each of the four kinds of gametes AB, Ab, aB and 
ab. As in table 2, the total values for the different kinds are to be desig- 
nated p, g, s and t, respectively. By collecting we obtain table 4. 
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(9) LINKAGE COMPLETE 


In the case that the linkage is complete in forming one of the sets 
of gametes, the proportions of the gametes of that set will not be those 
in table 4. Where linkage is complete, each parent zygote produces but 
two kinds of gametes in equal number,—these being the same two kinds 
by which this parent was formed. Thus the individual ABab produces 
gametes AB and ab in equal numbers; the individual AbaB produces 
Ab and aB, etc. To get the correct proportions throughout we require 
to assume only that each zygote produces two gametes. The results 
are given in the second column of table 3. Collecting the values for 
the four sorts of gametes, and calling their proportions, when linkage 
is complete, by the capital letters P, Q, S and T, in place of the cor- 
responding small letters, we obtain table 5. 


(10) DETERMINATION OF THE PROPORTIONS OF THE DIFFERENT CLASSES 
OF ZYGOTES PRODUCED BY THE RANDOM MATING OF 
ANY SET OF GAMETES 


The population at the beginning is that shown in table 1 (which of 
course represents any population whatever, if the correct values are 
given to the letters c to /). The proportions of the gametes (that is, 
the values of p, g, s and ¢) are determined by table 4. 

Having thus obtained the values of p, g, s and t, we must next observe 
the zygotes produced by the random mating of the four sets of gametes, 
p. AB, q.Ab,s.aB and t.ab. The mating and results are repre- 
sented in table 6. 

It will be observed that of the resulting zygotes (table 6), the four 
forming the diagonal from the left upper corner to the right lower 
corner are homozygotes; the four forming the other diagonal are hetero- 
zygotes, and the other eight are mixed. The zygotes resulting from the 
first random mating (~ = 1) are therefore those shown in table 7. 

Table 7 is the fundamental general table for determining the zygotic 
proportions resulting from the random mating of any given set of 
gametes. It will be employed in working out the results of selection 
and of assortative mating, as well as of random mating. 

Example. Tables 4 and 7 furnish the formulae for the two steps 
necessary to obtain the proportional numbers of the different classes of 
individuals (zygotes) in the generation m + 1, when we know those in 
generation ,—the mating being at random, and the linkage being the 
same for both sets of gametes. 
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For example, suppose that the original population consists of 3 ABAB 
+ 1 abab + 1 AbaB + 4 ABaB; that the linkage ratio r is 2, and that 
breeding is by random mating. What various types of individuals will 
be present in the next generation, and in what proportions? 

Here evidently (referring to table 1),— 


c=3, f=1, h=I1, f=4 


while d, e, g, i, k and] are o. Therefore the gametes produced will be, 
by table 4 (since ¢ + 1 = 3): 


p=3. (644) +1=3! 


q=2.1 — 2 
s= 3.44 2.1 =14 
t= 3.2+ 1 = 7 
pqts+t =54 


The gametes will therefore be in the proportions 31 AB : 2 Ab : 14 aB 
: 7 ab. 

Then the zygotes of the next generation ( + 1) will be, by table 7, 
the following: 


ABAB =3I1? = 961 4AteB =2.2.14 = 56 
AbAb = 2? = 4 ABAb =2.31.2 =12 
ABaB =14? = 196 ABaB =2.31.14= 868 
aed = = 40 abAb =2.3.7 = B 
ABab =2.31.7= 434 abaB_ —- =2.14.7 =196 


By now substituting these values for c to / in table 1, and using anew 
tables 4 and 7, we may find the zygotic proportions for the third genera- 
tion, and so on indefinitely. If desired the values for c to / may be re- 
duced to decimal fractions in each case, giving all later proportions in 
decimals. 


(11) DETERMINATION OF THE PROPORTIONS OF THE DIFFERENT CLASSES 
OF ZYGOTES PRODUCED WHERE ONE SET OF GAMETES FORMED 
WITH LINKAGE (7) (TABLE 4) MATES WITH ANOTHER 
SET WITH COMPLETE LINKAGE (TABLE 5) 

This represents what appears to be the usual condition, where the 
gametes from one sex (eggs or sperm) are produced with linkage ,r, 
the other set with complete linkage. 

In this case, as usual, the population at the beginning is that in table 1. 
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We determine by table 4 the values for p, g, s and t, and by table 5 the 
values for P, QO, S and T. 

Now to obtain the zygotic proportions in the next generation, in table 
6 we substitute in one of the columns of gametes the values P, Q, S 
and T for p, g, s and t; then we multiply as before to obtain the 16 lots 
of zygotes. Having performed this operation and classified the results 
in the same way as was done for table 7, we obtain for the zygotic 
proportions the table 8. 

Example. To transform the zygotes of generation m into those of 
generation m + 1, when linkage is complete in one set of the gametes, 
we therefore use successively the formulae of tables 4, 5 and 8. Sup- 
pose that we take the same example given in section (10), page 106, but 
assume that linkage is complete in one set of gametes. 

Then by tables 4 and 5 the two sets of gametes are: 


~ =3! P = 10 
q= 2 Q= I 
$ =14 S= 5 
{= 7 i= 2 


And by table 8 the individuals (zygotes) of the next generation (m+ 1) 
are: 


ABAB = 310 AbaB = 24 
Meld = 2 ABAb = 51 
aBaB = 70 ABaB = 295 
ebab = 14 abAb = II 
ABab = 132 abaB = 63 


By substituting these values for c to / in table 1, we may determine 
the proportions of the different types of individuals in the next later 
generation, and so on. We may of course, if we prefer, reduce all the 
proportions to decimal fractions, and employ these decimals in working 
out results for later generations. 


DERIVATION OF THE GAMETES PRODUCED BY THE NEXT GENERATION OF 
ZYGOTES (GENERATION # + I), WHEN THE GAMETES PRODUCED BY 
THE FOREGOING GENERATION (GENERATION #) ARE KNOWN 

If it be desired to determine the zygotic constitution of the popula- 
tion in some later generation (as for example the fifth), it saves much 
labor to deal for the intervening generations with the gametes alone. 
That is, by formulae to be set forth, we determine directly from the 
proportions of the gametes produced by generation 1 the proportions 
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of the gametes produced by generation 2; thence the gametic propor- 
tions from generation 3; thence those from generation 4, thence from 5. 
Only for this final generation do we determine the zygotic proportions. 

Our problem is therefore to obtain fyi, Qniis Snia and t,4, from pp, 
An» Sy and ty. 


(12) Linkage the same in both sets of gametes 
To derive our formulae, we first obtain the gametes from the original 
parents (generation ~) by table 4; then from these gametes we derive 
the zygotes (generation » + 1) by table 7. From these zygotes, by 
the method of section (8) and table 3, we find that the gametes pro- 
duced are the following: 


Zygotes of n+ 1 Gametes from n + I 
p?. ABAB = p?.(2r + 2) AB 
q?.AbAb = q?.(2r + 2) Ab 
s* .aBaB an s*.(2r-+ 2) aB 
t? .abab = t? .(2r + 2) ab 


2pt.ABab = 2pt.r.AB +2pt.Ab + 2pt.aB + 2pt.r.ab 
2qs.AbaB = 2qs.r.Ab + 2qs.AB-+ 2qs.ab + 2ps.r.aB 


2pq.ABAb = 2pq.(r+1) AB + 2pq.(r+1) Ab 





2ps.ABaB = 2ps.(r+1) AB + 2ps.(r+1) aB 
2qt.abAb =2qt.(r+1)ab + 2qt.(r+1) Ab 
2st .abaB == 2st .(r+1) ab + 2st .(r+1) aB 


Collecting the values for the gametes AB, Ab, aB, and ab, (from 
n + 1), and removing from each the factor 2, we obtain the formulae 
given in table 9. 

By the continued use of these formulae we may find the proportions 
of the different gametes produced by any later generation of random 
mating, without troubling to find the zygotic constitution in any genera- 
tion save the final one in which we are primarily interested. At any 
time the zygotic constitution is found by the formulae of table 7. 


(13) Independent factors 
If the factors are independent (r = 1), the gametic formulae of table 
g may be simplified through the substitution of 1 for r, giving table ro. 
Example. In the example given in section (10), the following values 
were found for p, q, s and ¢ for the first random mating: 


p = 31 q=2 s=14 t=7 
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Then by the formulae of the table 9 the values of p, qg, s and ¢ for the 
second random mating will be (when r = 2): 





Pp = 3-31.47 + 2.31.7 + 2.14 = 4833 
q = 3.2.40 + 2.2.14 + 31.7 = 513 
S$ = 3.14.52 + 2.2.14 + 31.7 = 2457 
t = 3.7.23 + 2.31-7 + 2.14 = 945 
p+rqatst+t=3.54 = 8748 


Now by the formulae of table 7, we may if we desire, obtain from 
these results the relative numbers of the different kinds of zygotes re- 
sulting from the second random mating. 

Or we can by a repeated use of the formulae of the present section 
obtain the gametic constitution for the third, fourth and later genera- 
tions; finding in addition the zygotic constitution for any desired gen- 
eration. 


(14) Linkage complete in one sex, r in the other 

In this case we derive two sets of gametes from the original parents, 
by means of tables 4 and 5, and these give for generation m + 1, the 
zygotes of table 8. From these zygotes of table 8, we must find two 
sets of gametes, one with linkage r (by the method illustrated in sec- 
tion (8)), the other with complete linkage (by the method illustrated 
in section (9)). We must assume that both sexes are represented in 
each kind of zygote of table 8, so that we must form a first set of 
gametes from all the kinds of zygotes of table 8 by the method of sec- 
tion (8), then a second set from all by the method of section (9). 
Performing these operations and collecting the results, we obtain 
table 11. 

In comparing the gametes of set 1 with those of set 2 (in table 11) 
certain constant relations between the two sets become evident. These 
are shown in table 12. These relations are of consequence for certain 
problems, particularly in selection and assortative mating; they are also 
useful in checking up the correctness of computations. 

Example. We will take the example employed in section (10), but 
now assuming that linkage is complete in one sex. The parent zygotes 
were 3 ABAB + 1 abab+ 1 AbaB + 4 ABaB; and r—=2. 

As shown in section (10), before the first random mating the gametes 
of the first set, with linkage r, are: 


p = 31 q=2 s=14 t=7 
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According to section (11), further, the gametes of the second set, 
with complete linkage, are: 
P=1I10 C= i S=5 is 


The zygotes resulting from the first random mating are therefore, 
by table 8: 


ABAB =31.10= 310 AbaB = 1.14+ 2.5=> 24 
AbAb = 2.1 = 2 ABAb 10.2 +31.1= 5I 
ebeB =14.5° = 70 ABaB — 10.14 + 31.5 = 295 
abeb == 7.2 = 14 abAb = 1.7 + 2.2=— I! 
ABab = 10.7 + 31.2132 abaB = 5.7 +14.2=> 63 

The gametes for the second random mating (m = 2) are obtained 


from the values of /,, q,, etc., given above, by the formulae of table 11, 
giving the following: 


Set 1: Linkage r = 2, in both sexes: 
po. = 3.31.16 + 3.10.47 + 2.(70+ 62) + 14+ 10 = 3186 
Jo = 3.2.13 +3.1.40 +2.(14+10) +70+62= 378 
So = 3.14.17 + 3.5.52 +2.(14+10) + 70+ 62 = 1674 
t, =3.7.8 .+3.2.23 +2.(70+62) +14+10= 594 


PTEeTeTI= 5832 


Set 2: Linkage complete in one sex: 


P, = 10.54 + 31.18 = 1098 





Q.= 1.54+ 2.18= 90 
So = 5.54+14.18= 522 
T, = 2.54+ 7.18= 234 
P+O+S+T = 1944 


It will be. observed that the sum (p + gq + s + ft) is just 3 times 
the sum of (P+ Q+5S+T), 3 being the value of (r+ 1). 

Now by table 8 we may if we desire find the proportions of the dif- 
ferent zygotes resulting from the second random mating; or we may 
omit this, and find directly the two sets of gametes for the third random 
mating; and so on. 
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RANDOM MATING: SPECIAL FORMULAE 
(15) Parents all ABab 

For the specially important case in which the parents are a first cross 
between ABAB and abab, (so that they are themselves ABab), we may 
obtain a general formula which shall give us directly the proportions 
of gametes (and indirectly of zygotes) for producing any generation n, 
without working out the proportions for intervening generations. For 
this the following points must be noticed : 

Evidently the number of gametes AB is the same as the number of 
ab; while the number of Ab is the same as of aB, and this equivalence 
will be found to hold throughout random mating. We have therefore, 
so far as the gametes go, but two unknown quantities to deal with in 
place of four. In tables 2 and 5, therefore, we can put: 

pat Pat: T q=s Q=S 

We require therefore but to find p, P, g and Q; these will give us 
the others. 

Now, if at the beginning the parents are all ABab, and the linkage 
ratio is r, then evidently the gametes from these parents are r AB : 1 Ab 
: 1 aB : r ab, so that for producing generation 1 the gametes are: 

p=r q=I PpP+tq=rt+ p—q=r—I 

In the sex (if there is such) in which the linkage is complete, the 
gametes formed by ABab are evidently simply AB and ab in equal num- 
bers, so that (for producing generation 1) : 


P=1 QO=0 P+Q=1 P—Q=I 


(16) Linkage r in both sets of gametes, parents all ABab 
Now, if we take first the case in which linkage is r in both sexes, 
we may by table 9 from the above gametic proportions for producing 
generation 1 determine the gametic proportions for producing genera- 
tion 2. We shall find these to be as follows: 
po = 2r*® + 3r2? + or + 1 =—(r +1) (27? +7r+1) 
qe = gr? + ar t+ 1=(rt+1) (3r74+1) 
Since it is the relative proportions that we desire, we can take out 
the common factor (r+ 1), and we have: 


fo=2r?+ r+ 

a= Ae | 

Pe + Ge = 29° + 4r + 2=2(r + 1)? 
Ps — q2 = 2r? — 2r = 2(r? — r) 
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If we continue in this way, finding successively the values of p3, p,, 
Ps» V3» G4 Qs» etc., certain general relations manifest themselves, par- 
ticularly with regard to the sums of p and q, and their differences. It 
turns out that for producing any generation n 

Pn + Qn=2(4 + 1)" 
Pn— n= 2(7" — ita 

Solving these two equations for the values of p, and g, (and omit- 
ting from the result the common factor, 2), we obtain the formulae 
of table 13. 

Having determined the values of pnp, gn, s, and t, by table 13, the 
proportions of the different classes of individuals (zygotes) in genera- 
tion ” is obtained from table 7. 


(17) If there is no linkage (r=1) and the parents are all ABab 
the population will be found to remain constant, in the following pro- 
portions : 

The four sorts of homozygotes, each = 
The two sorts of heterozygotes, each = 
The four sorts of mixed, each = 

Example. Parents all ABab, linkage ratio r==3. What will be the 
constitution of the population (zygotes) after 4 random matings? By 
table 13: 


I 
2 
2 


bs (= t,) = 4* + 3*— 3° 310 

qs (= 54) = 4° — 3* + 3° = 202 

p? ( = t*?) = 96,100 

q° (=s°) = 40,804 

2pq ( = 2st) = 125,240 

Total zygotes = (620 + 404)? = 1024? = 1,048,576. 
From which it is evident that by the zygotic formulae of table 7 the 
proportions of the different sorts of zygotes are: 


96,100 
ABAB = ——— = .0916 
1,048,576 
abab =.0916 
AbAb = .0389 
aBaB = .0389 
Total homozygotes = .2611 
A Bab = .1833 
AbaB = .0778 
Total heterozygotes = .2611 


Each of 4 sorts of mixed = .1194 
Total mixed am 
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(18) Parents all ABab; linkage r in one set of gametes, complete in 
the other 
Here, as in section (15), the number of gametes AB is equal to that 
of ab, while the number of Ab is equal to that of aB, so that: 
fun i g==s Pal QO=S 
Also, as we saw in (15), for the first mating (n=1): 
=r gq=I P == § Q=o0 
Ptqa=rti; p—q=r—1; P+Q=—1; P—Q=t. 
Now by the use of table 11, we obtain the corresponding values of 
Pp, gq, P and Q for producing generation 2. We find thus that: 


po=2r? + 2r+1 P,=er+1 
qIie= 2r+ 1 GO, = I 
bo + q2=2(r+1)? P2+ Q,.=2(r+1) 
b2— 42=2r° P,— Q,=2r 


Now if by continued use of table 11, we find the corresponding values 
for successive generations, we discover that for any number n of genera- 
tions the gametes which mate to form that generation show the follow- 
ing relations: 

Pa + Qn = 2"" (r + 1)" 

Pu— Qn = 2r? (2r+1)"? 
P, + Q,=2"1 (r+1)™ 
P,— O,=2r (2r+1)*? 





Solving these equations for the values of p, g, P and Q, we obtain 
the formulae of table 14. 

Having determined thus the proportions of the gametes, the constitu- 
tion of generation m in zygotes is obtained by the use of table 8. 

Example :—Parents ABab; linkage ratio r= 3; four generations of 
random mating (n==4). What is the constitution of the population? 
By table 14, the gametic proportions preliminary to generation 4 will be: 


py = 27.44+9.77 = 1465 
G4 = 27.4*—9.77 = 583 
Pa + 4 = 2048 
P, = 2°.4° + 3.77 = 403 
Q, = 2?.4°— 3.75 = 109 
P,+Q, = 512 


To obtain the zygotes resulting from the mating of these gametes 
it is well to note the following: 
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Pp = 590,395 
QOq = 63,547 
Pq = 234,949 
PQ = 159,685 
Pp + Qq + Pq + PQ = 1,048,304 


Then by table 8 (remembering that p = t, g = s, P= TandQ=S), 
we find that the total number of zygotes (P + Q + S$ 4+ T) 
(p + q+ s+ ft) is 4,194,304. Working out, by table 8, the propor- 
tions for each of the classes of zygotes, and dividing each by 4,194,304 





in order to reduce them to decimals, we find that the population in the 
fourth generation is: 


Homozygotes, ABAB and abab, each .141 
AbAb and aBaB, each .o15 











Total .312 

Heterozygotes, ABab .282 
AbaB .030 

Total 312 

Mixed, four sorts, each .094 
Total mixed .376 


(19) Parents AbaB; linkage r in both sets of gametes 


In this case simply interchange the values of p and q in table 13 (of 
course therefore also the values of ¢ and s), then obtain the zygotic 
proportions by table 7. 


(20) Parents AbaB; linkage r in one set of gametes, complete in the 
other 
In this case simply interchange the values of p and q; also of P and 
Q, in table 14 (of course therefore also the values of t and s, as well as 
of T and S); then obtain the zygotic constitution by table 8. 


(21) Original parents ABAB and abab in equal numbers, random mating 


In this case if there is linkage the proportions of gametes and zygotes 
for any generation must be worked out by the general formulae for 
random mating, given in sections (8) to (14). 

When there is no linkage (r=1) it is instructive to compare this 
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case with that in which the parents are all ABab (and there is no link- 
age). If we examine the results with respect to single pairs of charac- 
ters taken separately, we find them to be identical for the two cases. 
That is, when the parent population is either ABab, or is ABAB + abab, 
random mating gives for all later generations with respect to one pair 
of characters the uniform constitution 4 AA + Y% Aa+ % aa; with 
respect to the other the constitution 4 BB + % Bb + % bb. But 
when we consider the two pairs together, we find that the two cases 
give diverse results; the two pairs of characters are combined diversely 
in the two cases. This is therefore an example of the fact, mentioned 
in section (2), that we cannot from a knowledge of the constitution 
with respect to two pairs of characters taken separately determine what 
will be the constitution with respect to combinations of the two pairs. 
In the case of the population derived from the random mating of ABab, 
the proportion of any combination of the two pairs is merely the pro- 
duct of the proportions for the two component pairs taken separately, 
thus the proportion that are AABb is 4% K % = &, etc. But when 
the original parents are ABAB -+- abab, this rule does not hold. The 
gametes from such parents are in any generation » the following: 


ed ee a ae 


— — -1 
Qn = Sn = 2" nga 


The zygotic proportions are then obtainable by table 7. It will be 
found that these zygotic proportions change from generation to genera- 
tion, although for each pair of characters taken by itself the proportions 
are constant. The zygotic proportions in successive generations are: 





Random matings I 2 3 n 
ABAB and abab, each 4 9 25 Db. 
AbAb and aBaB, each oO I 9 A 
ABab 8 18 50 2D, 
AbaB re) 2 18 ys 
Mixed, 4 Sorts, each oO 6 30 Pie ae 





For the n’th generation the proportions are above given in terms of 
the series of table 1 in my earlier paper (JENNINGS 1916); thus the 
value for ABAB and abab is the square of the n’th term of series D 
of that paper; the value for AbaB is twice the square of the (» —1)th 
term of series C of that paper, etc. 
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III. SELECTION WITH RELATION TO A SINGLE CHARACTER 


Suppose that in breeding, selection is exercised with respect to a 
single character forming one of a pair; for example suppose that of 
the pair A and a, individuals showing the character A are always selected 
for further propagation. In our previous contribution (JENNINGS 1916) 
we have dealt with the results on the constitution of the population with 
respect to this pair on which selection is based. But what will be the 
effect on the constitution with respect to another pair of factors, B and 
b, which is linked with the pair on which selection is based? That is, 
in a population composed of individuals having A, a, B and b in the 
various possible combinations, what will be the resulting constitution 
due to selecting for the character A for a given number n of generations? 

We shall take up first the case in which the selected character is 
dominant, next that in which it is recessive. We may proceed upon 
the same general plan employed for random mating, employing primarily 
the proportions of gametes in the successive generations as the bases 
for our work, and deriving the proportions of zygotes secondarily from 
those for the gametes that produce them. 


SELECTION OF DOMINANTS WITH RESPECT TO ONE OF THE PAIRS OF CHAR- 
ACTERS; GENERAL FORMULAE 


(22) Gametes produced when there is selection of dominants with re- 
spect to one pair 

If we have such a population as is shown in table 1, and breed only 
from those that are dominants with respect to the pair A and a, this 
is equivalent to omitting all the zygotes that do not contain A; that is, 
it omits e, f and / of table 1. The gametes produced when there is 
such selection of dominants are therefore in the proportions shown in 
table 15 (compare with tables 4 and 5). 


(23) Proportions of the different classes of zygotes produced in the 
next generation (n-+- 1), when the breeding is by 
selection for dominant A 


The selection has taken place in the production of the gametes (table 
15). These gametes now simply mate at random, so that we can em- 
ploy directly the tables 7 and 8, for random mating. Therefore when 
there is selection for dominant A, the procedure for finding the propor- 
tions of the population in the next generation is as follows: 

First give the proper values to the letters c to J, in table 1, and to r. 





yn « 
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If linkage is the same (— 7) in both sets of gametes, employ first 
the formulae of table 15, (set 1); then those of table 7; this gives the 
different classes of individuals in the next generation n + I. 

If linkage is complete in one set of gametes, employ first table 15 
(both sets), then table 8; thus obtaining the proportions of the different 
classes of individuals in the next generation (n+ 1). 

If it be desired to find the zygotic proportions only for some later 
generation (as for example the seventh), it is not necessary to find the 
zygotic proportions for the intervening generations, but one works for 
these intervening generations with the gametes alone, according to the 
methods of the following sections (24) and (25). 


(24) Derivation of the gametes produced by the next generation (n+-1) 
of zygotes, when the gametes produced by the preceding genera- 
tion n are known, (breeding by selection of dominant A) 


If we desire to obtain the zygotic proportions only for some later 
generation, we may work for the intervening generations only with 
the gametes, by methods analogous to those set forth for random mating 

Linkage the same (=r) in both sexes. We use the method set forth 
in sections (12), (13) and (14). 
in section (12), but exclude from gamete formation the zygotes aBaB, 
abab, and abaB (since these do not contain A). We thus obtain the 
formulae given in table 16. 

Of course the zygotic proportions for generation »-+-1I may now 
if desired be found from the zygotic formulae of table 7. Or by re- 
peated use of these formulae of table 16 we may find the gametic pro- 
portions for any later generation, then by table 7 find the zygotic 
proportions for that generation. 


(25) Linkage complete in one set, r in the other 


Derivation of the gametes that produce the succeeding generation 
(n+ 1), from those that produce the preceding generation (n) 


We use the methods set forth in (14), but exclude from gamete 
formation the zygotes aBaB, abab and abaB (since these do not con- 
tain A). The formulae we require are indeed obtained directly from 
those of table 11, by omitting in all cases the factors Ss, Tt, St and sT. 
The results are given in table 17. 

By the repeated use of the formulae of this table 17, we may find 
the gametic proportions for any later generation; then by table 8 find 
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the zygotic proportions for that generation. See the example in sec- 
tion (27). 

No formula has been found obtainable for determining the propor- 
tions in any given later generation m, without working out the values 
for the intervening generations. Even when the original parents are 
ABab or AbaB, the general methods (22) to (25) must be employed. 
The most important case, in which the original parents are ABab, will 
be found worked out illustratively in section (27). 


(26) SELECTION OF DOMINANTS WITH RESPECT TO ONE OF THE PAIRS OF 
CHARACTERS; SPECIAL FORMULAE FOR THE EFFECT 
ON THE OTHER PAIR 


Possibly the most interesting question in selection with reference to 
one pair of characters is its effect on another pair of characters, linked 
with the first pair. We shall take this up here, giving formulae for 
both the single factor-pairs taken separately. 

Proportions of the single factor-pairs taken separately, when there 
is selection of dominant 4A: From the formulae of table 15, or of 
tables 16 and 17, taken in connection with those of tables 7 and 8, as 
set forth in sections (22) to (25), we may readily obtain for the de- 
sired generation the proportions of the population with relation to the 
members of either pair of factors taken separately; that is, with relation 
to A and a; or to B and b. After obtaining for the next generation 
the gametic proportions of table 16 (if linkage is the same in both 
sets); or those of table 17 (if linkage is complete in one of the sets 
of gametes), we observe that the gametic proportions for A and a, and 
for B and B, are those given in table 18. 

The zygotic proportions in the next generation (m+ 1) are then, 
with relation to the single factor-pairs taken separately, those given 
in table 19. 

The same proportions for each pair separately would be obtained 
by deriving the zygotic proportions for the two pairs together according 
to (24) and (25), then tabulating the constitution with reference to 
the factors taken separately. 

The formulae given in table 19 for AA, Aa and aa give the same 
results as are given in sections (19) to (24) of my earlier paper (JEN- 
NINGS 1916), in which a single pair of factors was considered by itself. 
The linkage of course has no effect on the proportions of the pair with 
reference to which selection is made. 
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With relation to BB, Bb and bb, the proportions depend on the 
amount of linkage; the formulae of the present section enable us to 
determine precisely how selection with reference to one character (A) 
affects the proportions with respect to another character linked with it 
(B and b). If there is no linkage (r 1), the formulae given in table 
19 for BB, Bb and bb give the same results as for those of random 
mating (sections (1) to (12) in my earlier paper); that is, selection 
with reference to A and a is random mating with reference to B and }, 
if the two pairs are not linked. 

All these matters are illustrated in the concrete example given in the 
following sections (27) and (28). 


(27) Illustrative example of the results of selecting dominants; 
parents all ABab 


To illustrate the use of the formulae for selection of dominants, we 
will take the most important typical case, in which the parents at the 
beginning are the dihybrid ABab. We will determine the results for 
several generations of selecting for propagation only those having the 
dominant factor A. We shall compare the results when there is linkage 
and when there is none; also the results when linkage is alike in both 
sexes, and those when linkage is complete in one sex. To keep the 
numbers relatively small we shall assume the linkage to be 2. 

As the original parents (ABab) all contain A, none are excluded in 
the first mating. When there is no linkage the gametes are evidently 
1 AB :1 Ab :1aB:1ab. When the linkage is 2, the gametes are 
2 AB :1 Ab:1aB :2 ab. 

No linkage (r=1). In this case for the first mating, as we have 
seen, P} =I, gq; =I, 5; == 1, t; = 1. We now find the proportions for 
the succeeding generations, by the formulae of table 16. For the next 
generation (m= 2) they are evidently as follows (since r + 12). 


Po = 2.1.3 +1.14+1=8 (=2) 
Gg = 2.1.3 41.1418 (=2) 
S$ = 2.1 +1 +I =4(=—T) 
tf = 2.3 +1 +I, (1) 


As it is only the proportional numbers that we desire, we may divide 
through by 4, giving the numbers in the last column. 
Repeating our use of the formulae of table 16, we find that when 
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the gametic proportions for the first four genera- 


n es I 2 3 4 
p = I 2 3 4 
q = I - 3 aa 
Ss = I I I I 
t = I I I I 

4 6 8 10 


In general, it appears that for any generation n, p and q are each 
equal to n, while s and ¢ are each 1. 
Linkage 2, alike in both sexes (r= 2). 


For generation I, 


as we have seen, p==2; g=I; 
Applying now the formulae of table 16 and noting that r + 1 = 


$=I; §t=2. 
3, the 


proportions for generation 2 are found to be the following: 
Po = 3-2-442.4F1=33=I11 
Qo = 3-1.5+2.1+4=21= 7 
Ss = 3.2 +2.1+4=>12=> 4 
tft =3.2 +2.4+1=>I15=> § 





(We reduce to lowest integral terms by dividing all the proportions 
by 3.) 

In the third generation, by renewed application of table 16, we find 
the proportions to be: 


ps = 3-11.22 + 2.55 + 28 = 864 = 32 
Qs = 3-7-23 + 2.28 + 55 = 594 = 22 
Ss = 3-44 +2.28+55=243= 9 
ts = 3.35 +2.55+28=243= 9 


(We divide through by 27 to reduce to lowest terms. ) 


Thus when r is 2 in both sexes, the gametic proportions for the first 
four generations are: 


n 
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Linkage complete in one sex; r == 2. In the sex in which the linkage 
is r, the parents ABab of course produce gametes in the proportions 
2 AB :1 Ab :1aB : 2 ab; these form the gametes of set 1. In the 
sex in which linkage is complete, the gametes formed are evidently 
1 AB :0 Ab :oaB :1 ab (set 2). Using the letters p, g, s and ¢t for 
the set 1 and P, Q, S and T for set 2, the gametes for the first genera- 
tion (7=1) are therefore: 


Set I Set 2 
p=2 ce 
q=I Q=0 
r=1 50 
f==3 1 ==1 


To obtain the gametic proportions in preparation for the next genera- 
tion, we begin with the values just given, and employ the formulae of 
table 17. We thus find that for n= 2: 


Set I Set 2 
po = 3.2.1 +3.1.4+2.4+0+0=— 26 P,=1.6+2.2=10 
2 = 3.1.2 + 3.0.5 +2.0+2+2=—I10 Q,==1.2 = 2 
So =3.1 +2.0 +2+2 = 7 5, == i. = 
ts 3-1 +2.4 +0+0 =II Te =1.34+2.1= § 


54 18 


Repeating the use of the formulae of table 17, but now beginning 
with the values for = 2, and so on, we find that for the first four 
generations the gametic proportions are as follows (under each value 
of m is given in the first set the value of p, q, etc., in the second the 
value of P, Q, etc.) ; 



































n | I 2 3 4 
| Set 1 - Set 2} Set 1 Set 2|Set 1 Set 2/|Set1 Set 2 
p and P (=AB) = 2 I 26 10 117 42 310 108 
qand Q (=Ab) = 1 oO 10 2 45 12 122 30 
s and S (=aeB) = 1 o 7 z | 2 5 53 13 
¢ and T (= ab) = 2 I II 5 30 13 55 23 
Totals 6 2 54 18 216 72 | 540 180 


Having now obtained the gametic proportions for each of the three 
diverse cases, it is a simple matter to compute for any generation the 


Genetics 2: Mh 1917 














122 H. S. JENNINGS 


proportions of the ten different sorts of zygotes. For the cases where 
the linkage relations are the same in both sexes we use the formulae 
of table 7; for the case where linkage is complete in one sex we employ 
the formulae of table 8. The results for the four generations are given 
in table 20. In each generation the results are given for the three diverse 
linkage relations; where r is given as I there is of course no linkage; 
where r= 2 the linkage ratio is 2 to I in both sexes; the third case, 
where the linkage is 2 to I in one sex and complete in the other, is indi- 
cated by putting r= 2+. 

The results for each case are given twice; first as whole numbers, 
as they will be obtained from the formulae; then as decimal fractions, 
for comparison with the other cases. For example, in the first place 
of the first column we find 1=.0625. This means that out of the 
total 16 zygotes, one will be ABAB, and that this is equal to .0625 of 
the total. 

(28) The proportions for single factor-pairs taken separately; ex- 
ample: In our example (27) we select entirely with reference to the pair 
A anda. The most interesting question doubtless is: What effect has 
this on the proportions of the various combinations of B and b, when 
the two pairs are linked? 

This question may be answered from the formulae of table 19, em- 
ploying the gametic proportions already given in table 20. We give 
the results for both the pairs, A and a, and B and b. 

From table 19, the values are in the first generation: 

When there is no linkage (r—1): 


AA=4 Aa=8 aa=4 

BB =4 Bb =8 bb=4 
When r=—2: 

AA=9 Aa= 18 aa=9 

BB =9 Bb = 18 aa=9 
When r = 2+ (linkage complete in one sex) : 

AA=!1 Aa=2 aa=I 

BB =1 Bb =2 bb=1 


Thus for this first generation all values of r give the same result for 
each of the combinations. 

In later generations the results differ for the different values of r. 
Table 21 gives the proportions of the different combinations for the 
first four generations. 
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As table 21 shows, when there is linkage there is a steady increase 
in the proportion of BB over bb, as also of BB over Bb, as a result of 
selection for the character A. 


SELECTION OF RECESSIVES 


Only individuals not containing the factor A are selected for propaga- 
tion. That is, selection is of individuals aa only. 

We may deal at the same time with the two cases (1) where linkage 
is the same in both sexes, and (2) where linkage is complete in one 
sex, for the two give here the same results. 


(29) Gametes produced when there ts selection of recessives with re- 
spect to one patr of factors 

Suppose that of the zygotes of table 1, only those that are recessive 
with respect to the pair A and a are bred, that is, only those that contain 
aa. In this case all zygotes are omitted except e, f and/. These give 
only gametes aB and ab, so that for the gametes we have only the pro- 
portions s and ¢ to deal with. If we determine the gametic proportions 
in accordance with the principles in section (22), we find that 

$= (r+1) (2e+1) 
t = (r+1)(2f+1) 

But as it is only the relative proportions that are important, we may 
divide both these by (r+1), giving table 22. 

Furthermore, if we determine the proportions for the two sorts of 
gametes when linkage is complete, we find them to be identical with 
those in table 22. This table therefore serves for the gametic propor- 
tions whether linkage is or is not complete. 


(30) Proportions of the different sorts of zygotes produced in the next 
generation (n+ 1), when the breeding is by selection of recessives aa 
Here, as in (23), the selection has occurred in the production of the 

gametes, and the gametes now mate at random. We can therefore 

employ directly the table for random mating. Since however in the 
case of selection of recessives the gametes are the same whether linkage 
is complete or not, we need to employ only table 7. But as only a few 
of the classes of zygotes of table 7 are formed, it will simplify matters 
to make a new table, including only those classes. This gives us table 

23. Thus the total procedure in the case of selection of recessives aa 

is as follows: 

Give the proper values to the letters c to / in table 1. 
Employ first the formulae of table 22. 
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With the results from table 22 employ the formulae of table 23. 
These give the proportions of the different classes of individuals in the 
next generation m + I. 


(31) Derivation of the gametes produced by the next generation n+I 
when the gametic proportions from generation n are known 

In the very first selection the factor A was entirely excluded and can 
never reappear, so that no farther selection occurs, and all future breed- 
ing is by random mating. The gametes p and g thus never appear. We 
may therefore apply directly the gametic formulae for random mating, 
as given in table 9, but including only those parts based on s and ¢ alone. 
This gives us: 

Snay == (r+1)s(s+t) 
tna == (r+1)t(s+t) 

But both the right hand members can be divided by (r+1)(s+t), 
giving merely 

Sni1 = Sn 

tna = b 
that is, the proportions of s and ¢ are constant from generation to gen- 
eration; it follows that the proportions of the three possible types of 
gametes given in table 23 are likewise constant from generation to 
generation. 

Thus, in the case of selection of recessives with respect to the pair 
A and a, we require only to obtain for the first generation the values 
of s and ¢ by the formulae of table 22; these values hold for all genera- 
tions. We then obtain the proportions of the zygotes by the formulae 
of table 23, and these values likewise hold for all generations. If we 
carry through in detail an analysis in the case where linkage is complete 
in one sex, we come to the same result. 

Put in another way, selection of recessives with respect to A and a 
gives random mating with respect to B and b, no matter what the link- 
age is, and no matter whether linkage is alike in both sexes, or is com- 
plete in one sex. 


IV. AssORTATIVE MATING WITH RESPECT TO ONE OF THE PAIRS OF 
CHARACTERS: DOMINANT WITH DOMINANT, 
RECESSIVE WITH RECESSIVE 
(32) General. In assortative mating with respect to a single pair 
of characters (as A and a), all individuals containing A mate together 
at random; likewise all individuals not containing the factor A. The 
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most interesting question involved is: What is the effect of this on a 
second pair of factors (B and 5), that are linked with the first pair? 
The proportions of all possible combinations of the two pairs must of 
course be determined. 

Assortative mating is in some sense a combination of selection for 
dominants on the one hand, of recessives on the other, with of course 
continual subtraction of the recessive products from the dominant 
group, and their addition to the recessive group. The chief difficulty 
to be met is the necessity of keeping the proportions of the two groups 
correct with reference to each other; they cannot be dealt with sep- 
arately. This adds some complications, and to meet the difficulty cer- 
tain additional designations and classifications will be introduced. 

The population at the beginning is that shown in table 1. We ob- 
serve that in this population the classes c, d, g, h, i, 7 and k contain the 
dominant factor A; it will be convenient to designate their sum by the 
letter D. The classes e, f, and / contain only the recessive factors aa; 
the sum of these three classes will be called R. The sum of all (D+R) 
will be denominated N. For ease of reference we incorporate these in 
the numbered table 24. 


PRODUCTION OF THE GAMETES IN ASSORTATIVE MATING 

(33) For the production of gametes from the dominant zygotes (of 
table 1) we employ directly the formulae of table 15. 

(34) For the production of gametes from the recessives we might 
use the formulae of table 22. It is needful, however, as will ap 
pear later, to use certain other designations for the gametic propor- 
tions in place of s and ¢t (or S and 7), in order to distinguish the 
gametes obtained from the recessives from those obtained from the 
dominants. We will therefore employ the Greek equivalents for those 
letters, using the lower case letters, as heretofore, for gametes formed 
with linkage r, the capital letters for those formed with complete link- 
age. This transforms table 22 into table 25. It will be observed that 
o and & have the same values, as do also rt and T, but it is needful to 
distinguish them for the following reason. When we obtain the com- 
plete set of gametes from both dominants and recessives, one set formed 
with linkage r, the other set with complete linkage, either set may be 
reduced to lower terms or to decimals, independently of the other. Since 
the ratio of gametes derived from the dominants to those derived from 
the recessives is diverse in the two sets, after reduction = and o may 
have diverse values, as may also T and r. 
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(35) Proportions of the different types of zygotes obtained from the 
dominants; linkage alike in both sets of gametes 

To obtain the proportions of the different classes of zygotes of gen- 
eration 2 + 1, given by the mating of the gametes from the dominants 
of generation n, we employ directly the formulae of table 7, using of 
course the values of p, g, s, t obtained from table 15. To obtain cor- 
rectly the final values for assortative mating it is necessary to first obtain 
these zygotic proportions in the forms of fractions. For this, we must 
divide the number in each class of zygotes by the total number of 
zygotes produced. This total number produced is, according to table 7, 
(p+q+s-+t)?. Furthermore, by table 15, 


ptqtstt = (2r+2) (ctd+gthtitjt+k) 


(When the letters c, d, etc., are the proportions for generation 7). 
Now, from this, according to table 24, 


p+qt+stt = 2(r+1)D 
Whence 


(pt+q+s+t)? = 4(r+1)?D? 


So, to obtain the zygotic proportions in the form of fractions, we 
must divide each value of table 7 by this expression 4(r-+1)?D?. Thus, 
for example: 


Re a 
.4(r+1)?D? 


and similarly for all the 10 classes of zygotes of table 7. 


ABAB = 


Having obtained thus the relative proportions of the different types 
of zygotes derived from the dominant parents, we desire to know what 
proportions these are of the total resulting population (derived from 
both dominant and recessive parents). Now according to table 24, the 
dominant parents formed the fraction D/N of all parents; their progeny 
will therefore form D/N of all progeny, and to obtain the proportions 
of the entire population formed by the various classes of these progeny, 
we must multiply each of these proportions by D/N. The result of this 
will be clear from an example. As we saw in the last paragraph, the 
proportion for ABAB before this operation is p?/4(r+1)?D?; multiply- 
ing this by D/N we obtain: 

p? 
4(r+1)2DN 


ABAB = 
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Similarly, the proportions of the total population for all the ten types 
of zygotes derived from the dominants will be the values given in table 


7, each divided.by 4(r+1)?DN. 


(36) Proportions of the progeny (generation n+-1) derived from the 


or complete in one set) 

To obtain the proportions of the various types of zygotes of the next 
generation (m-++1) derived from the recessives of generation , we pro- 
ceed in a manner parallel to that employed for the dominants (35). We 
first obtain the gametic proportion o and + and if needed, = and T from 
table 25. Then the proportions of the different classes of zygotes may 
be obtained from table 23, if we use o and r or = and T in place of s and t. 

To obtain the proportions in the form of fractions, we must divide 
the numbers representing each class of zygotes by the total number of 
zygotes. By table 23 the total number of zygotes produced is (o+r)?, 
or (o+7)(2+T) if linkage is complete in one set, the two expressions 
being equivalent. By table 25, 

ot? = 2-+-T = 2(e+f+1), 
and by table 24, 2(e+ f-+/) is equivalent to 2 R. Therefore the total 
number of zygotes produced, (o+7)? or (o+1r)(2+T) is equal to 4 R?. 

We must therefore divide each of the zygotic values in table 23 by 
4 R*. This gives the proportions that each of the classes of zygotes are 
of the total zygotes produced by the recessives. 

To obtain in fractional form the proportions that these are of the 
population as a whole (derived from both dominants and recessives), 
we must multiply these fractions thus far obtained by the fraction that 
their recessive parents are of all parents; that is, by R/N. This gives 
the following: 








Linkage r in both sexes Linkage complete in one sex 
- xo 
e(=-aBaB) = - 
ae ae 4RN 
bab rT Tr 
=abab) = — a 
A 4RN 4RN 
2oT ar-+oT 
1(=abaB) = ——— aheaiiaas 
4RN 4RN 


Thus from the recessive parents of generation we obtain only three 
sorts of zygotes of generation +1, in the proportions just given. 
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(37) To obtain now the proportions of the population in generation 
n+1 that are formed by each of the ten possible sorts of zygotes, we 
must simply add the proportions derived from the dominants to those 
from the recessives. But only the three classes of zygotes last dealt 
with (e, f and /) require an addition from the recessives, the others 


being derived entirely from the dominants. Thus the proportion of 
2 2 


tin alee : hile th i aris en: ae oe 
c(=ABAB) is a(r-+1)2DN’ while that of f(=abab) is a(r-+1)2DN 


72 
uae sin 

4RN 

Now to free our proportions from the fractional form, we must re- 
duce them all to a common denominator. This common denominator 
will evidently be 4(r-+1)?RDN. We therefore reduce all the fractions 
to this denominator, and conserve merely the numerators as our pro- 
portions. This gives the results shown in table 26 (column 1). These 
proportions can of course be at once reduced to the fractional form by 
dividing each by 4(r+1)?RDN. 

(It will be observed that the only reason for the appearance of R 
in the values is the occurrence of R in the denominators of the table 
given in section (36). If we began with a population in which there 
were no recessives (if for example the parents were all ABab), then 
for that generation the fractions shown in the table of section (36) 
would not occur, and as a’ result no R would appear in the values of 
table 26. Thus if there are no recessives in generation n(R==0), we 
do not give R the value o in table 26, but merely omit it entirely. If 
R be given the value o correct results will not be obtained. ) 

For R, D, and N only proportional values are required; thus if the 
values are R = 217, D = 434, N = 651, we may employ simply R= 1, 
D=2, N = 3, since these are the proportional values. 


(38) Assortative mating; linkage complete in one sex; general formula 

When linkage is complete in one of the sets of gametes the results 
are to be worked out on the same principles as in the last case (32) 
to (37), save that for the proportions of the population produced by 
the dominants, we employ for the gametes both columns of table 15, 
followed for the zygotes by table 8. Then to obtain in fractional form 
the proportions from the dominants, we divide by the total number of 
zygotes produced from the dominants, which by table 8 is (P+Q+S 
+T)(p+q+s+t). But by table 15 
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ptgq+tstt = (2r+2)(e+d+gtht+itjt+k) = (2r+2)D (table 24) 
P+Q4+S4+T = 2(ctd+gtht+it+j+k) = 2D (table 24) 


Hence (P+Q+S+T) (ptq+s+t) = 4(r+1)D?, which is the total 
number of zygotes produced by the dominants. We therefore divide 
each value in table 8 by 4(r-+1)D?, obtaining thus the fractional pro- 
portions for the different zygotes obtained from the dominants. To 
determine what proportions these are of the entire population, we must, 
as in section (35), multiply each of these proportions by D/N. The 
general upshot of this division by 4(r+-1) D? and multiplication by D/N 
will be to divide each value in table 8 by 4(r+1)DN. The proportions 
from the recessives will be as set forth in (36). 

Next, as in (37), we reduce all the fractions to a common denomi- 
nator, which in this case will be 4(r-++1)RDN. This enables us to dis- 
card the denominator, employing as the proportions of the different 
kinds of zygotes only their numerators. The results are given in the 
last column of table 26. 


(39) Thus in assortative mating, to determine the proportions of 
the different classes of zygotes of the next generation n+-1, when those 
of generation n are known, the order of procedure is as follows: 

Give the proper values for the parents (generation m), to the letters 
c to / in table 1, and classify these parents into dominant D and re- 
cessive R, in accordance with table 24; find the proportional values of 
D, R, and N (of that table). These proportional values of R, D and N 
may be reduced or altered in any way that is convenient, provided the 
proportionality is maintained. 

Obtain from the dominants the proportions of the different sets of 
gametes produced, by table 15. Thus the values of p, g, s and ¢ are 
obtained; also (if required) of P, Q, S and T. 

Obtain by table 25 the corresponding gametic proportions from the 
recessives, thus getting the values of o and r (and if required, of & 
and T). 

Then, employing these gametic values, the proportions of the different 
classes of zygotes in generation n-+-1 are those shown in table 26. 

By repetition of the procedure, the proportions for succeeding genera- 
tions are obtainable. 

See the example, section (42). 
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(40) Derivation of the gametic proportions for the gametes produced 
by generation n+1, when those produced by n are 
known; assortative mating 

When we desire to obtain the zygotic proportions only for some later 
generation, we may shorten the procedure by working for the inter- 
vening generations only with the gametic proportions, by methods 
analogous to those for random mating, (12), (13) and (14), and selec- 
tion of dominants (24) and (25). For this purpose we employ the 
values given in table 26 for the different sorts of zygotes; then determine 
the proportions of the different sorts of gametes produced by each,— 
employing in general the methods of (12), but remembering that the 
gametes from zygotes e, f and / are to be classified as o and +r (or 
= and T). 

The results are given in tables 27 and 28. In the repeated use of these 
tables, the values for D and R of the next generation (n-+1) are to be 
found by the following equations (given in those tables) : 

p+qt+st+t = (r+1)D, of generation n+1 
P+Q+S+T = D, of generation +1 
ot+r (or 3+T) = R, of generation n+-1 


Then these values of R and D are of course to be employed in the 
equations for finding the gametic proportions of the next generation 
(see the example, section 42). Only the relative values of R and D are 
required; if D 99 and R= 33, we may use D= 3, R= 1. 

To find for any generation the zygotic proportions, we of course 
employ the results of tables 27 and 28 in table 26. 


(41) The proportions for the single factor-patrs taken separately 

One of the chief points of interest is the effect of assortative mating 
with respect to one pair, on the proportions of another pair linked with 
the former. If we mate assortatively with respect to A and a, what 
are the results on the proportions of the pair B and b, which are linked 
with A and a? 

The formulae already given include all that is required for answering 
this question; we require merely to add together the proportions of 
the different zygotes that show a common constitution with respect to 
one of the factor pairs. For example, it is clear that ABAB, AbAb, 
and ABAb are all to be classified as 4A, when only the pair A and a 
is considered. It will be well to give the formulae obtained in this way 
from table 26, for each pair taken separately. In table 26 it will be 
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observed that with respect to the pair A and a, the zygotes c, d and i are 
AA; g, h, j and k are Aa, while e, f and / are aa. With respect to 
B and b the zygotes c, e and 7 are BB; g, h, i and / are Bb, while d, f 
and k are bb. Adding the proportions accordingly, we obtain for the 
proportions of the single factor-pairs taken separately the values given 
in table 29. 

For the pair A, a, table 29 will be found to give the same values as 
the formulae of section (15) of my former paper (JENNINGS 1916). 


(42) Example to illustrate the use of the tables for assortative mating 


Suppose that a population consists in generation 1 of 2 ABAB 
+ 1 AbAb + 2 aBaB + 1 abab + 4 ABab + 3 AbaB + 1 ABAb + 
2 ABaB + 3 abaB. The linkage ratio is 2(r—2), and there is assorta- 
tive mating with respect to A and a. © 

Here, from tables 1 and 24, dominants D are: 


c=2;d=13;9—4;h=>331=13;7 = 2;k =0; 50 that D = 13 


The recessives FR are: 
e=2; f=1; 1=3; so that R=6 


Then from the dominants D, by table 15: 


bp = 3(4+1+2)+4.213 = 32 P=I11 
q = 3(2+1+0)+3.21+4 = 19 Q= 6 
$ = 3.2+3.2+4 = 16 S= § 
t = 3.0+4.2+3 == 52 = ~@ 
pb+qt+st+t = (2r+2)D = 78 P+Q+S+T = 2D = 26 


From the recessives R, by table 25: 


o=2.2+3=> 7 iar7Z 
T= 2.1+3=> 5 = 5 
o+r=2R == 32 2+T=—=2R=12 


Having thus the gametes from generation 1, we may from them find 
either the gametes from the next generation (2), by tables 27 and 28; 
or we may find at once the zygotic constitution of generation 2, by 
table 26. Both will be illustrated. 


Gametic proportions for succeeding generations.—We shall first find 
the gametic proportions for the gametes derived from generation 2. 
Assume first that the linkage is the same (r=2) in both sets of gametes. 
Then by table 27 (remembering that FR is 6 and D is 13). 
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p = 6.3.32.67 + 6(2.32.11 + 19.16) = 44640 = .3796 
q = 6.3.19.62 + 6(2.19.16 + 32.11) = 26964 = .2772 
= 6(3.32.16-+ 2.19.16+ 32.11) ==14976=.1273 
= 6(3.19.11 + 2.32.11 + 19.16) == 9810=— .0834 


~~ & 





p+q+s+t = 96390 — .8675 
96390 


Therefore D = 





== 32130 
3 


o = 6.16.27 + 13.37.7.12 = 12420 = .1056 
t= 6.11.27 + 13.37.5.12 == 8802= .0748 
o-tr == 21222 = _ ~.1804 
Therefore R = 21222 
Total gametes 117612 = 1.0000 


If we desire we may reduce R and D in such a way as to make 
R = 1; that is, if we divide both by the value of R, we obtain: RK —1; 
D = 1.513. 

Having found the proportions of the different sorts of gametes de- 
rived from generation 2, as well as R and D, for generation 2, we may 
now employ these values (either the entire numbers or the decimals) in 
finding anew the gametic proportions from generation 3, and the pro- 
portions of recessives and dominants in that generation. These may 
then be employed anew to find the proportions for generation 4, etc., 
until we reach the generation for which we wish to find the zygotic 
proportions. 

If we assume that linkage is complete in one sex, we shall, for deter- 
mining the proportions of the gametes derived from generation 2, em- 
ploy table 28 in place of table 27 (used above). It is not necessary to 
represent the operations in detail; they will give us the following values 
for the proportions from the second generation: 








Set I Set 2 
p = 30072 P = 10140 
q = 17664 Q= 5772 
S= 9834 Sa: 3362 
t = 6690 T= 2346 
p+q+st+t = 64260 = 3D .:. D=21420 P+Q+4+S+T = 21420=D 
a= 8226 x= 8226 
T= 5922 T= 5922 
o+r=—14148=—R =+T= 14148=R 


Total in set 1 = 7840 Total in set 2 = 35568 
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If R=1, D = 1.513 (in generation 2). 

The proportions in either or both sets may be reduced to smaller 
numbers by dividing all of the set by any number. It is not necessary 
that both sets should be divided by the same number. Thus set I may 
be reduced to decimals by dividing by the sum of the total for its set; 
set 2 by the total for that set. 

Using these values (reduced or not), we may now find the propor- 
tions of the gametes from generation 3, and so on. 


Zygotic proportions in any generation. By table 26 we may find the 
proportions of the different kinds of zygotes in generation 2 or 3, em- 
ploying the gametic proportions already determined. As an illustration 
we will find these for generation 2 (employing the gametic values from 
generation I as given on page 131). 





Linkage the same in both sets Linkage complete in one set 
c (=ABAB) = 632 = 6144 = .1151 = (6.32.11 = 2112 = 1187 tit 
d(=AbAb) = 6.197 = 2166 = .0406 6.19.6 = 684 = .0384 


e (=aBaB) = 6.16-+13.37.7? = 7269 = .1362 6.5.16 + 13.3.7.7 = 2301 = .1344 
f (=abab) = 6.11°+-13.3°.5? = 3651 = .06846.4.11 + 13.3.5.5 = 1239 = .0607 
g (=ABab) = 6.2.32.11 = 4224 = .0792 6 (11.11-+32.4) = 14904 = .0840 
h (=AbaB) = 6.2.19.16 = 3648 = .0684 6 ( 6.16+19.5) = 1146 = .0707 


i(=ABAb) = 6.2.32.16 = 7296 = .1367 |6 (11.19+32.6) = 2406 = .1353 
j (=ABaB) = 6.2.32.16 = 6144 = .1I51 6 (11.164+32.5) = 2016 = .1133 
k (=abAb) = 6.2.19.11 = 2508 = .0470 6 ( 6.11+19.4) = 852 = .0479 


1 (=abaB) = 6.2.16.11 + 13.37.2.7.5 = 103026 (5.11+16.4) + 13.3.(7.5+7-5) = 3444 
= 19a! = .1931 


Total = 4.3*.6.13.19 = 53352 = 1.000 Total = 4.3.6.13.9 = 17784 = 1.000 








Effect on the single factor-pairs taken separately. In generation 2, 
by table 29: 


Linkage r in both sets Linkage complete in one set 




















AA = 6.57 = 15606 = 2925 6.17.51 = §202 = .2025 

Aa = 2.6.51.27 = 16524 = .3097 6.17.27+6.51.9 —=5508—.3007 

aa = 6.27 + 37.13.12 = 21222 = .3077 6.9.27 + 3.13.12.12 = 7074 = .3977 

Total = 6.78? + 37.13.12" = 53352 = 1.000 Total = 17784 = 1.000 

BB = 6.48'+3'.13.7° =19557—.3666 6. 16.48+-3.13.49 = 6519 = .3664 

Bb = 2.6.48.30+2.37.13.7.5=25470=.47746.16.30+6.48.10+3.13.70 = 8490 = .4774 

bb = 6.30*+37. 13.57 = 8325=—.15606. 10.30+3.13.25 = 2775 = .1960 
Total = 53352 = I.000 Total = 17784 = 1.000 
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It will be observed that after this single assortative mating the pro 
portions of BB, Bb and bb are the same whether the linkage is alike 
in both sets or is complete in one set; they would likewise be the same 
whatever the linkage, or if there were no linkage. But in later genera- 
tions the proportions are diverse for different linkages, and depending 
on whether linkage is the same in both sets or complete in one set. 


V. SELF-FERTILIZATION 


Thus far we have mainly used the proportions of the different types 
of gametes as our units, determining from these the proportions of the 
different sorts of zygotes, in accordance with the principle that the ran- 
dom mating of any set of zygotes gives the same results as the random 
mating of the gametes they produce. Self-fertilization differs so greatly 
from random mating that it is no longer convenient to base the work 
on this principle; we therefore deal directly with the zygotes, obtaining 
formulae by means of which from the zygotic proportions in earlier 
generations we can determine those in later generations. 

In self-fertilization the linkage ratio r would perhaps be the same 
for both the sets of gametes produced by the single self-fertilizing in- 
dividual. It is conceivable however that linkage might be found com- 
plete in the formation of one of the two sorts of gametes. \Ve shall 
therefore deal, as usual, with both cases. 


(43) GENERAL FORMULA FOR DETERMINING THE ZYGOTIC PROPORTIONS 
IN GENERATION 21-+1, WHEN THOSE FOR GENERATION 71 ARE KNOWN 


The population at the beginning is that shown in table 1 (proper 
values being given to the letters c to 1). These produce the gametes 
shown in table 3. Next the gametes produced by any single zygote mate 
together at random; those of column 1, table 3, in the case where linkage 
is the same in both sets of gametes; those of column I with those of 
column 2 (table 3), where linkage is complete in one set of gametes. 

By making these matings; determining the zygotes produced (for 
generation + 1), then collecting the proportions of each kind of 
zygote of generation + 1, we obtain the formulae of table 30, giving 
directly the proportions of the zygotes of generation m + I in terms of 
those of generation n. Column 1 gives the results when linkage is the 
same in both sets of gametes; column 2 the results when linkage is com- 
plete in one set. 
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Example. Let us take the example given in section (10), supposing 
however that breeding is by self-fertilization. That is, we begin with 
a population consisting of 3 ABAB + 1 abab + 1 AbaB + 4 ABaB; 
the linkage ratio r being 2. Then by table 1: 


c= 3 f cx 1 == /=4 


By table 30 the population in the next generation will be the following: 














If linkage is the same in both sets \If linkage is complete in one set of gametes 
ABAB = 3°. (12+4)+1 = 145 = .448 | 3(12+4) = 48 = .444 
AbAb = 2’.1 = 2.= oe 2.1 = 2£=> 2 
aBaB = 3°.44+2'.1 = = 25 3.442 = 14 = .190 
abab = 3°.4+1 =. 2 = 254 3-4 = f= a8 
Homozygotes = 20 = 66 =" 25 ee 
ABab = 2.1 = 2 2 = o= 2D 
AbaB = 2.4 = Ba eas 4.1 = £> 7 
Heterozygotes = = oe = £2 29 
ABAb = 4.1 = £= oF = £0 
ABaB = 2.3°4+4.1 as oh =. ee 2.3.44+1 = 25 = .231 
abAb = 4.1 = 42 42 = £2226 
abaB = 4.1 = «=> om = = 2 
Mixed = 6 = 272 = 2 ae 

Totals = 324 =2.000 | = 108 =1.000 


By substituting anew the values here found for the letters c to / in 
table 1, and reapplying the formulae of table 30, we can find if desired 
the proportions in generation » + 2, and so on for later generations. 
Either the actual numbers, or the proportions as reduced to decimals 
(the last column in each case, above) may be used for the further com- 
putations. 


(44) Special formulae for the case in which the original 
parents are ABab 


In this specially important case, where at the beginning of self-fer- 
tilization the parents are the result of a cross between two individuals 
(ABAB and abab) differing in two pairs of characters, we shall de- 
velop formulae for obtaining at once the proportions of the different 
sorts of zygotes after any number » of self-fertilizations. 

Since we begin with ABab, the population is represented merely by 
g = 1 (of table 1, while all the other proportions c to / of table I are 0). 
Employing table 30 we find that after one self-fertilization (n=—1), 
the different classes of zygotes are represented as follows: 
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Column 1, linkage Column 2, linkage 
Zygotes of n =I the same (=r) in} complete in one of 
hoth sets of gametes| the sets of gametes 
c (= ABAB) - r 
d (= AbAb) I oO 
¢ (=aBaBb) I fa) 
f (=abab) as r 
Total homozygotes 2r-+2 2r 
g (= ABab) 2r° 2r 
h (= AbaB) 2 oO 
Total heterozygotes 2r+2 2r 
i (= ABAb) 2r I 
i (= ABaB) 2r I 
k (= abAb) 2r I 
| (= abaB) 2r I 
Total mixed Sr 4 
Grand total t(r+1)? 4(r+1) 
i 





Now, as we work out the proportions in later generations, we find 
that certain relations of equality shown in the above list hold for all 
generations. The four kinds of homozygotes are divisible into two 
pairs, those retaining the linkage of the parents (that is, c and f, or 
ABAB and abab); and those not retaining the original linkage (that 
is d and e, or AbAb and aBaB). The two former are always equal, 
and so are the two latter; that is, c—f, and de. Furthermore, the 
four kinds of mixed are always present in equal proportions. The two 
sorts of heterozygotes, g and /, differ in their proportional values. These 
relations simplify the problem, since they enable us to reduce our number 
of unknown quantities. Thus, instead of dealing separately with the 
four classes of mixed, we may find merely the total proportion of mixed 
(which we may call /), and we can then know that the proportion for 
any particular sort (as A4BaB) will be 4 that of M. Similar relations 
hold for the two sorts of homozygotes in each of the pairs. The result 
is that there are just five diverse quantities to deal with; the two sorts 
of homozygotes; the corresponding two sorts of heterozygotes, and the 
mixed. 

In our list of the proportions of the different kinds of zygotes of 
generation I just given, each proportion is of course essentially 
a fraction, and its actual value is obtained by dividing the value 
given by the total for all; that is, by 4(r-+1)? in column 1, or by 
4(r+1) in column 2. Thus in column 1 the actual fractional propor- 
tion for g(==ABab) is 2r?/4(r+1)?, for h it is 2/4(r+1)?, etc. Now, 
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it turns out to be most convenient to deal with certain of these propor- 
tions explicitly as fractions. The same fractions found in generation I 
occur in later generations, and it is best to designate certain of the im- 
portant fractions by single letters. The fractions given by the hetero- 
zygotes turn out to be of special importance, and in particular a designa- 
tion is required for the fraction given by the sum of the two sorts of 
heterozygotes (g+h) and that given by their difference (g—h). 
Where linkage is complete in one set, however (column 2) g+h 
and g—h are the same, since /t is zero; in this case therefore we require 
but one designation. In column 1 (linkage — rr in both sets) we shall 
call the sum of g-+-h by the letter v, the difference (g—h) by the letter 
zw. In column 2 (linkage complete in one set) we shall call the sum 
g+h by the letter uw; the difference g—h is likewise u. That is, from 
the table on page 136. 





Linkage = + in both sets Linkage complete in one set 
+t 
‘= - 
2(r+1)? | r 
. := 
r—ti 2(r+1) 
= 
2(r+1)? | 


It is important to bear in mind the facts (1) that v, w and wu are frac- 
tions; (2) that their values do not change from generation to generation, 
but are always those just given. It will be observed that the values for 
the different sorts of zygotes after one self-fertilization, as given on page 
136, can be given in terms of these fractions, thus: 






































Column 1 Column 2 
V+ ut 
‘= Fi = — 
4 2 
| aa 
d=e= .¢] 
4 
Homozygotes = v u 
Vs WwW 
o = ——— u 
v—w 
r= — fe) 
2 
Heterozygotes = | v u 
: | I—2v I—2u 
tsayoktk=—l] = 
4 4 





Mixed = I —2v I—2u 
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(The values for the mixed result merely from the fact that they are 
equal to the total, minus the sum of the heterozygotes and homozygotes. ) 
If now we work out by table 30 the proportions of the different sorts 
of zygotes in later generations, and express our results in terms of the 
fractions v, w, and “, we discover for any generation u the following 
general relations: 








Linkage = r in Linkage complete 
both sets in one set 

Sum of the two classes of homozygotes, 2n-2 2n-2 

(c+f) + (d+e) = — + vw = + 4" 
Difference of the two classes of homozy- 

gotes, (c+f) — (d+e) = witw*tw...w wt+u?+nu3...u” 
Sum of the two classes of heterozygotes, 

gt+h = u” 
Difference of the two classes of heterozy- 

gotes, g—h = w" u” 


These equations may readily be solved for the values of c +f and 
of d-+-e; also for the values of g and h. Since we know that c—f 
and d= e, this will give us at once the values of c, d, e, f, g and h. 
We can, of course, then readily obtain the value of the total mixed 
(since these constitute merely the remainder) and of any particular 
class of mixed (since the four classes of mixed are equal). Carrying 
out these solutions, we obtain the final formulae set forth in table 31. 

Example. Let us suppose that, beginning with the parent ABab, there 
have been three self-fertilizations; that the linkage ratio is 2; and that 
linkage is the same in both sets of gametes. 

Here we have: 


Hence: 


-I 


can P 
Total homozygotes -+ G's) = 43 + sees = 8 = 7714 


9 


9 


¢(=ABAB) = = + Gh) +. Ge)” + Ge)” + hk) =H = 2427 
pa + HG)” — GA)” — G8)” — a) = aes = 1431 
re aBaBb ) = .I43I 

J (= abab ) = .2427 

Total heterozygotes = (,5,)? = #,%5, = .0214 

g(= ABab) = G4)" + G)*] = sifz = 0130 

(= AbaB) = YG)" — (fe)"] = stty = 0084 

Total mixed = } — 2(,5,)* = 429§ = .2071 


oe 


2 


d(= AbAb) = 


Any single class of mixed (as ABAb) = 4 X 4344 = .0518 
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If we assume that linkage is complete in one of the sets of gametes, 
we have u = ¥; the results are then obtained in-a similar manner ; they 
are as follows: 


Total homozygotes = .7870 
d= ¢ = o704 
c= f = .3171 
Total heterozygotes = (1/3)* = 1/27 = .0370 


g(=ABab) = (1/3)* = .0370 
c= f =.3171 
Total mixed = 1/2? — 2(1/3)* = 38/216 = .1759 
Any single class of mixed, as dBaB = (1/2)* — 1/2(1/3)* = .0439 


If we classify the results with respect to either of the single pairs of 
factors (as A and a), we of. course obtain the same results given in 
section (25) of my previous paper (JENNINGS 1916), that is: 





2"—I 
AA (or BB) = : 
2"—I 
aa (or bb) = 
I 
Aa (or Bb) = 


(45) Parents AbaB (derived from a cross of AbAb with aBaB) 

In this case, the results are as given in table 31, but with the follow- 
ing alterations in the formulae: 

The values for c and d are to be interchanged. 

The values for e and f are to be interchanged. 

The values for g and h are to be interchanged. 

The values remain unchanged for the total homozygotes; for the total 
heterozygotes; for the total mixed; and for any particular class of mixed. 


REMARKS ON INBREEDING. To obtain a general formula for inbreed- 
ing with brother by sister mating, when two linked pairs of characters 
are considered, one begins with a family composed as in table 1, proper 
values being given to the letters c to /. When such a family is inbred, 
the linkage ratio being r for both sexes, it gives 55 diverse types of 

n(n-+1) 


families (the number of families being —-————— where n is the number 


° 
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of differing individuals in the original family). By determining the 
types, of families produced from each of these 55 families, and collect- 
ing the results for each of the possible 55 kinds of newly formed fam- 
ilies, one obtains formulae giving the constitution in families in the 
generation » + 1, when that in generation m is known. Such formulae 
are complex, some of the 55 equations being made up of as many as 
24 terms. It hardly seems worth while to publish the complex table 
of formulae thus obtained; possibly it may be employed later to obtain 
the actual gametic constitution of the population in later generations 
for the more important special cases, as when the original parents are 
all ABab, and the like. The entire subject of inbreeding with relation 
to two pairs of linked factors is therefore reserved for further treat- 
ment. The paper of DETLEFSEN (1914) contains discussions and 
formulae for certain special cases of inbreeding when two pairs of in- 
dependent factors are dealt with. The present writer would find it a 
relief if some one else would deal thoroughly with the laborious problem 
of the effects of inbreeding on two pairs of linked factors. 


SUMMARY 


This paper derives formulae for finding in later generations the re- 
sults of continued breeding by a given system, when two pairs of char- 
acters, linked or independent, are considered. Its primary purpose is to 
render it possible to determine the effects of linkage on the distribution 
of the factors. The systems of breeding considered are: random mat- 
ing; selection with respect to a given single character ; assortative mating 
with respect to a single character; and self-fertilization. In each system 
two cases are dealt with; that in which linkage is the same in both sets 
of gametes; and that in which linkage is complete in one set. In each 
system general formulae are derived for transforming generation m into 
generation »-+- 1. In several systems special formulae are given for 
finding directly in any later generation n the proportions of the popula- 
tion, when one begins with parents that are a cross between ABAB and 
abab; or between AbAb and aBaB. With regard to selection and as- 
sortative mating with respect to a single character, formulae are given 
for the effect on the single pairs taken separately; thus for the effect 
of selection or assortative mating with respect to one character on the 
distribution of another character linked with that one. 

The formulae are collected for convenience in 31 tables, which are 
placed in order at the end of the paper. 
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TABLES FOR USE IN COMPUTING THE NUMERICAL RESULTS OF DIVERSE 
SYSTEMS OF BREEDING, WITH RESPECT TO TWO PAIRS OF FACTORS 


Table 1. The ten diverse possible classes of zygotes with respect to 
two pairs of factors (A, a and B, b), with the algebraic designations 
(c to 1) that will be employed to represent their respective proportions. 

By giving the proper values to the letters c to /, any population may 
be represented by this table. 


Homozygotes Heterozygotes Mixed 
c.ABAB g.ABab 1.ABAb 
d.AbAb h.AbaB j.ABaB 
e.aBaB k.abAb 
f .abab l.abaB 


With respect to the single pairs taken separately: 


AA =c+d-+i aa = e+f+/ Aa = g+h+j+k 
BB = c+e+j bb = d+f-+k Bb = gth+itl 


Table 2. The four possible classes of gametes with respect to two 
pairs of factors, with the algebraic designations (p, g, s, t) for their 
relative proportions. 


p.AB q.Ab s.aB t.ab 


(To distinguish certain classes of gametes, in some cases the capital 
letters, P, Q, S, T, will be used in place of the lower case letters; and in 
assortative mating, for special purposes the corresponding Greek letters 
@ and r will be used for s and ¢. See tables 5, 8, 25, 26, etc.) 
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Table 3. Gametes given by the ten sorts of zygotes of table 1, 


the linkage is r; and when linkage is complete. 





when 





Zygotes 


G rametes = ed 








1. Linkage = r . Linkage complete 
c.ABAB c.(2r+2)AB 2c.AB 
d.AbAb d.(2r+2)Ab 2d.Ab 
e.aBaB e.(2r+2)aB 2e.aB 
f.abab f.(2r+2)ab 2f.ab 
g.ABab g.(r AB+1 Ab+1 aB-+r ab) g.AB+4g.ab 
h.AbaB h.(r Ab+1 AB+1 ab+r aB) h.Ab+h.aB 
i.ABAb i. (r+1)AB+i. (r+1) Ab i.AB+i.Ab 
j.-ABaB j.(r+1)AB+ 7. (r+1)aB j.AB+).aB 
k.abAb k.(rt+tr)ab+k.(r+1)Ab k.ab+k.Ab 
l.abaB Ll. (r+1)ab+l. (r+1)aB l.ab+/.aB 


Table 4. Linkage r. Proportions of the different kinds of gametes 
produced by a population of zygotes (of table 1) in terms of the pro- 
portions of the zygotes. 


p(=AB) = (r-+1) (2c+i+j)+rg+h 

q(=Ab) = (r+1) (2d+i+k)+rh+g 

s(=aB) = (r+1) (2e+7+/)+1rh+ 9 

t(—ab) = (r+1) (2f+k+1)+rg+h 
ptatstt= (2r+2)(ctdtetftg+thtitjtk+l) 


Table 5. Linkage complete. Proportions of the different kinds of 
gametes produced by a population of zygotes (table 1), in terms of the 


proportions of the parent zygotes. 








P(=AB) = 2ce+9+i+j 

=Ab) = 2d+hA+i+k 
S(=aB) = 2e+h+j+1 
T(=ab) = 2f+g+k4+l 


P+Q4+S+T = 2(c+d+e+ft+tgtht+itj+kt+l) 
p+q+stt (of table 4) = (r+1)(P+0+S+T) 
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Table 6. Random mating of the four types of gametes (of table 2), 
with the zygotes produced. 





Gametes Zygotes 
p. AB ) { ». AB [p.2 AB| pg. AB| ps. AB| pt. AB| 
| AB\| Ab| a@B| ab 
g. Ab gq. Ab | 90. Ab g.2 Ab | qs. Ab | gt. Ab | 
a _ | AB\ Ab| aB\ ab 
s.aB m7 s.aB | sp.aB | sq.aB\s.2aB | st.aB 
| AB| Ab| a@B\ ab 
t.ab t.ab | tp. ab | tg.ab | ts.ab | t.2 ab 
J L | AB| Ab\ aB\ ab 











Table 7. Proportions of the various types of zygotes resulting from 
the random mating of the four types of gametes (of tables 2 and 6), 
in terms of the proportions of the gametes. 


Homozygotes Mixed 
c(=ABAB) =?’ i(—=ABAb) = 2pq 
d(=Abdb) =q? j(—=ABaB) =2ps 
e(—aBaB) =s* k(==abAb) = 2qt 
f(=—abeb) =f l(=abaB) = 2st 


Total homozygotes = p?+q?+s?+??. Tofal mixed =2(pq+ps+qt+st) 
Heterozygotes 
g(=ABab) —a2pt 
h(=AbaB) = 2qs 





Total heterozygotes = 2(pt+qs) 
Total zygotes = (p+q-+s-+t)? 
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Table 8. Proportions of the various types of zygotes resulting from 
the random mating of the four types of gametes produced with linkage 
r (table 4), with the four types produced with complete linkage 
(table 5). 


Homozygotes Mixed 
c(=ABAB) = Pp 1(—ABAb) = Pq+pQ 
d(==AbAb) = Qq j(=ABaB) = Ps+ pS 
e(=—aBaB) = Ss k(==abAb) = Qt+qT 
f(=abab) = Tt 1(==abaB) = St+sT 
Total homozygotes = Pp+Qq+Ss+Tt Total mixed = Pq+pQ+Ps 
+pS+Qt+qT+St+sT 


Heterozygotes 
g(=ABab) = Pt+pT 
h(=AbaB) = Qs+qS 
Total heterozygotes = Pt+-pT+Qs+qS 
Total zygotes = (P+Q+S+T) (pt+qt+s+t) 


Table 9. Random mating, linkage the same (=r) in both sets of 
gametes. Formulae for the proportions of the gametes derived from 
generation n + 1 (therefore producing generation n + 2), in terms of 
the gametes derived from generation m (and therefore producing gen- 
eration n-++ 1). That is, formulae for Pas, Qniis Snir» tnai, In terms of 


Pn: Qns Sny t,. 


Gametes from In terms of gametes from 
generation ++I generation n 
p(=AB) = = _— (r +1) p(pt+gts)+rpttgs 
q(==Ab) = (r+1)q(ptqt+t)+rqst+pt 
s(=aB) = (r+1)s(p+st+t)+rqst+pt 
t(—ab) = (r+1)t(q+s+t)+rpt+qs 
pb+qatstt = = (rt+1)(p+q+st+t)? 


Table 10. Random mating; independent factors (no linkage). Pro- 
portions of the different kinds of gametes derived from generation 
n-+ 1, in terms of those derived from generation n. This is table 9, 
simplified for the case of no linkage (r= 1). 


Gametes from n + 1 In terms of gametes from n 
p(=AB) = 2p(p+q+s)+pt+qs 
q(==Ab) = 2p(p+q+t)+qst+pt 
t(—ab) = 2t(q+s+t)+pt+qs 
s(=aB) = 2s(pts+t)+qst+pt 


ptqtstt . 2(p+qt+st+t)? 
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Table 11. Random mating; linkage complete in one set of gametes, 
r in the other. Formulae for the proportions of the two sets of gametes 
derived from generation n+ 1, in terms of the gametic proportions 
of the two sets derived from generation 1. 


Gametes from In terms of gametes from 
n+1 Set 1. Gametes with linkage r. 
p(=AB) = 
(r+1)p(P+Q4+S)+(r+1)P(ptqt+s)+r(Pt+pT)+Qs+qS 
q(=Ab) = 
(r+1)q(P+O4+T)+(r+1)QO(pt+qtt)+r(Qst+qS)+Pt+pT 
s(=—aB) = 


(r+1)s(P+S+T) + (r+1)S(pt+st+t)+r(Qs+qS)+Pt+pT 
=a) = 
(r+1)t(Q+S+T) + (r+1)T(q4+s+t)+r(Pt+pT)+Qs+qS 
p+qtstt = 2(rt+1)(P+Q+S+T) (p+qt+st+t) 
Set 2. Gametes with complete linkage 
P(=AB) = P(p+qt+s+t)+p(P+0+S+T) 
Q(=Ab) = QO(pt+qts+t)+q(P+04+S+T) 
S(=aB) = S(pt+qt+st+t)+s(P+OQ4+S+T) 
T(=ab) = T(pt+qt+s+t)+t(P+04+S+T) 
P+Q4+S+T = 2(P+Q+S+T) (p+q+s+t) 

Table 12. Random mating, linkage complete in one set of gametes, 
r in the other set. Certain relations between the proportions of the 
gametes of the two sets, in any given generation. Derived from table 11. 

(The same relations hold for the two sets of table 15, in selection 
for dominants. ) 

Set 1 Set 2 

P+q = (r+1)(P+Q) 

pts = (r+1)(P+S) 

q+t = (r+1)(Q+T) 

stt = (r+1)(S+T) 
pb+q+stt = (r+1)(P+04+S+T) 

Table 13. Random mating, original parents all ABab; linkage r in 
both sets of gametes. Proportions of the different classes of gametes 
for producing any required generation n. 

Gametes for producing 
generation 
p(t) = (rr) frye 
qQ(=s) = (r-+r) rpm 

If the original parents are AbaB, interchange the values of p(—t) 
and q(==s). 
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Table 14. Random mating, original parents all ABab; linkage r in 
one, set of gametes, complete in the other. Proportions of the different 
classes of gametes for producing any required generation n. 


Gametes for producing 
generation 


p(=t) —— 2" 2(r+t )"+r2(2r+1)"? 
q(=s) = 22 (r+1)"—r?(2r+1)*? 
P(=T) a 2n-2 r+1)"'+r(2r+1)*? 


O(=S) oS 2”? (r+1)"'—+(er+1)*? 
If the original parents are AbaB, interchange the values of p(=+t) 
and q(==s); also interchange the values of P(—=T) and Q(=S). 


Table 15. Selection for dominant A. Proportions of the different 
kinds of gametes produced by a population of zygotes (of table 1), in 
terms of the proportions of the zygotes; when linkage is r; and when 
it is complete. 


Set 1. Linkage r | Set 2. Linkage complete 
p(=AB) = (r+1) (2c+i4))+rg+h P(=AB) = 2ce+9+74+) 
q(=Ab) = (r+1) (2d+i+k)+rh+g |\QO(=Ab) = 2d+h+i+k 
s(=aB) = (r+1)j4+rh+g 1S(=aB) = h4+y 
t(=ab) = (r4+1)k+rg+h |T(=ab) = g+k 


ptqts+t = (art2)(ctdtg+htitj+k)| PLOFS+T = 2(c+d+o+htitj+k) 


The relations shown in table 12 hold for the two sets of table 15, as 
well as for those of table 11. 


Table 16. Selection for dominant 4; linkage the same (=r) in both 
sets of gametes. Proportions of the different sorts of gametes derived 
from generation m + I, in terms of those derived from generation n. 


Gametes produced by In terms of gametes produced 
generation n+-1 by generation 
p(=AB) = (r+1)p(p+qt+s)+rpt+qs 
q(=—Ab) = (r+1)q(pt+qt+t)+rqst+pt 
s(=aB) = (r+1)pstrqst+pt 
t(=ab) = (r+1)qt+rpt+qs 


pt+qt+st+t (r+1) (p+q) (p+qts+t) 




















NUMERICAL. RESULTS OF BREEDING WITH LINKAGE 147 


Table 17. Selection of dominant A; linkage complete in one set of 
gametes; r in the other. Proportions of the two sets of gametes derived 
from generation m + 1, in terms of the gametic proportions of the two 
sets derived from generation n. 

Set 1. Gametes with linkage r 
Gametes from 
n+1 In terms of gametes from 
P(=AB) = 
(r+1)p(P+Q+S)+(r+1)P(ptqts)+r(Pi+pT)+Qs+qS 
q(=4b) = 
(r-+1)g(PHO+T)+(r+1)O(p+gtt)+r(OstqS)+Pt+pT 
s(=aB) = (r+1)(Sp+sP)+r(Qs+qS)+Pt+pT 
t(—ab) = (r+1)(Qt+qT)+r(Pt+pT)+0s+qS 
prqtrst+t = 2(r+1)[(p+q)(P+O+S+T)+(P+Q) (st+t)] 
Set 2. Gametes with complete linkage 
P(=AB) = P(pt+qtst+t)+p(P+0+S+T) 
Q(=Ab) = QO(p+qts+t)+q(P+O0+S+T) 
S(=aB) = S(p+q)+s(P+Q) 
T(=ab) = T(p+q)+t(P+Q) 
P+O+S+T = 2[ (+9) (P+Q+S+T)+(P+Q) (s+t)] 


Table 18. Proportions of the gametes containing A or a; and of those 
containing B or b. (In terms of tables 9 to 11, or of tables 15 to 17; 
these relations of course hold equally of random mating and of selection 
of dominants. ) 





Set I. Set 2. 

Gametes with linkage r Gametes with complete linkage 
A=pt+q A=P+Q 
a=sc+tt a= § + T 

=p-+s Saou /—P +S 
b=q+t b=Q+T 


Table 19. Proportions of the different classes of zygotes in genera- 
tion n+ 1, with reference to the single factor-pairs taken separately, 
in terms of the gametes of tables 9 to 11 or of tables 15 to 17. 


Set 1. Linkage (r) the same Set 2. Linkage complete in one set of 


in both sets of gametes gametes; r in the other 

AA = (p+q)? AA = (p+q)(P+Q) 

Aa =2(p+q) (s+t) Aa = (pt+q)(S+T)+(P+Q) (s+t) 
aa ==(s+t)? aa = (st+t)(S+T) 

BB = (p+s)? BB = (p+s)(P+S) 


Bb =2(p+s) (q+t) Bb = (p+s)(Q+T)+(P+S) (q+t) 
bb =(q+t)? bb =(q+t)(Q+T) 
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Table 21. Selection of parents containing dominant A. Original 
parents all dBab. Proportions of the different sorts of individuals for 
the single factor pairs taken separately, for the first four generations 


of selection, when there is no linkage (r=1); when the linkage ratio 


is 2 in both sexes (r=2), and when the linkage is 2 in one sex but 
complete in the other (r=2+-). Primarily to illustrate the effect of 
selection with respect to one factor-pair (4, a) on another factor-pair 


(B, b), linked with the former, or independent of it. 





So = I | 2 



























































r = = 2 2+ I 2 2+ 
Aas i I I 4 4 4 
fe =. 2 2 2 4 4 4 
ee = 2 I I I I I 
Totals 4 a4 4 9 9 9 
BB = 1 I I I 25 121 
a = 2 2 2 2 40 154 
~~ = I I I 16 49 
Totals 4 4 4 4 81 324 
= 3 + 
? = 2 2+ I 2 2+ 
a4= © 9 9 16 16 16 
Aa = 6 6 6 8 8 8 
a = f I I I I I 
Totals 16 16 16 25 25 25 
BB= 1 1681 2209 I 961 14641 
Ab = 2 2542 2350 2 1426 14278 
bb = 1 061 625 I 520 3481 
Totals 4 5184 5184 4 2016 32400 


Table 22. Selection of recessive aa; linkage either r, 


or complete. 


Proportions of the different kinds of gametes produced by a population 
(table 1), in terms of the proportions of the zygotes given in table I. 


s or S(=aB) = 2e+l 

tor T(=ab) = 2f+! 

stt (or S+T) = 2(e+f+l) 
Mh 


Genetics 2: 2917 
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Table 23. Selection of recessive aa; linkage either r in both sets of 
gametes, or complete in one set. Proportions of the different classes of 
zygotes, in any generation , in terms of the gametes (table 22) from 
generation I. 





e(=aBaB) = s* (orsS) 
f(=abab) = # (or tT) 
l(—=abaB) = 2st (or sT+St) 
Total zygotes (e+f+/) = (s+t)?, (or (s+t)(S+T)) 


Table 24. Assortative mating. Designations to be employed for the 
sums of the classes of zygotes of table 1 that are dominant (D) with 
respect to the character 4 ; that are recessive (R) with respect to that 
character; and for the sum of all (N). In terms of the proportions 
given in table 1. 


D = ctd+tgthtitj+k 
R= et+f4l 
N = D+R 


Table 25. Assortative mating. Proportions of the different kinds 
of gametes produced by the recessives (aa) of a population (table 1), 
in terms of the zygotes producing them. (This table is the same as 
table 22, but with substitution of Greek letters for the corresponding 
English ones, for the exigencies of work with assortative mating. ) 


Set 1. Gametes formed with linkage r 
o(=aB) = 2e+1 
7(—=ab) = 2f+ 
ott = 2(e+f+l) 


Set 2. Gametes formed with complete linkage 
=(=—aB) 2e+l 
T(=ab) 2f+l 
=+T = 2(e+f+l) 


ll ll 
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Table 26. Assortative mating. Proportions of the different classes 
of zygotes in the next generation » + 1, in terms of the gametes pro- 
ducing them (of tables 15 and 25), and of the proportions of D, R, 

and N of table 24. 

N.B. Where R is 0, simply omit R from the values; do not give R the 
value of 0 (see note in section (37)). For R, D and N any values 
that conserve their correct relative proportions may be employed. 
Zygotes of} Column 1. Proportions |Column 2. Proportions when 

n-+1 when the linkage (7) is the|the linkage is complete in one 

same in both sets of gametes} set of gametes, r in the other 


c(=ABAB)| Rp’ RPp 

d(=AbAb) | Rd R Qq 

e(=aBaB) | R$+-D (r+1)*o R Ss+-D(r+1)3o6 

f(=abab) | RP+D(r+1)’7 RTt4+D(r+1)Tr 

g(=ABab) | 2Rpt R(Pt+pT) 

h(=AbaB) | 2Rqs R(Qs+qS) 

i(=ABAb) | 2Rpq R(Pq+pQ) 

j(=ABaB) | 2Rps R(Ps+pS) 

k(=abAb) | 2Rat R(Ot+qT) 

l(=abaB) | 2Rst+2(r+1)*Dor R(St+-sT)+D(r+1) (S7r+6T) 


Table 27. <Assortative mating. Linkage (7) the same in both sets 
of gametes. Formulae for deriving the proportions of the different 
kinds of gametes produced by generation m + 1, when the gametes pro- 
duced by generation ” are known. 

N. B. Where R is 0 it is to be omitted from the equations; not given the 








value o. 
(1) From the dominants 
Gametes from In terms of gametes from n, and of 
n+1 R and D of generation » 
p(=AB) = R(rt+1)p(ot+qt+s)+R(rpt+qs) 
q(=Ab) = R(r+r)q(p+qt+t)+R(rqst+ Pt) 
s(=—aB) = R[(r+1)ps+rqst+pt] 
t(—ab) = R[(r+1)qt+rpt+qs] 
(2) From the recessives 


o(=aB) = Rs(st+t)+D(r+1)?e(o+7) 
t(=ab) = Rt(s+t)+D(r+1)*r(o+7) 


Ptetrseti : 
Day. = —————— of generation n++1 
r+1 
Rig, == o+7 of generation n+1 





Mh 





GENETICS 2: 1917 
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Table 28. Assortative mating; linkage complete in one set of gametes, 
rin the other. Formulae for the gametes produced by generation n+-1, 
in terms of those produced by generation n. 


N.B. Where R is 0, the factor R is to be omitted from the equations. It 
must not be given the value o. 


Set 1. From the sex in which linkage is r. 
(1) From the dominants 


Gametes from 


u+1 In terms of gametes from m, and of RF and D of n 
p(=AB) = 
R(r+1)P(ptqts)+R(r+1)p(P+O+S) +R (rPt+rpT+Qs+qS) 
q(=4b) = 


R(r+1)O(ptqtt)+R(r+1)q(P+O+T)+R(rQs+rqS+Pt+ pT) 
s(=aB) = R(r+1)(Pst+pS)+R(rOstrqS+Pt+pT) 
t(—ab) =—R(r+1)(Ot+qT)+R(rPt+rpT+Qs+¢S ) 


(2) From the recessives 
o(—=aB) = R(2Ss+St+sT)+D(r+1 ) (230+37-+0T ) 
t(=ab) = R(2Tt+ St+sT)+D(r+1) (2Tr+ 37+ 0T ) 


Set 2. From the sex with linkage complete. 
(1) From the dominants 


P(=AB) = RP(p+qts+t)+Rp(P+O+S4+T) 


S(=aB) = RS(p+q) +Rs(P+Q) 
T(=ab) =RT(p+q) +Rt(P+0) 
(2) From the recessives 


=(=aB) = R(2S8s+St+sT)+D(r+1) (230+37-+0T ) 
T(=ab) = R(2Tt+St+sT)+D(r+1) (2Tr+%3r+ oT) 
eee a 5 ; 
Dayy = P+O4+S+T = ee (of generation -+1) 
r+i 


Ry, == o+t = =+T (of generation n+1) 
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Table 29. Assortative mating. Proportions of the different classes 
of zygotes in generation + 1, with respect to the two pairs of factors 
taken separately, in terms of the gametes from generation m, and of 
R and D of generation n. Derived from table 26. 





_— 1. Proportions when the'Column 2. Proportions when the 


Zygotes linkage is the same (7) in both| linkage is complete in one set, 











sets of gametes. r in the other set of gametes. 
AA (=c+d-+i) | R(p+ q)* R(P+Q) (p+4q) 
Aa(=g+h+j+k) | 2R(p+@q) (s+t) R(P+Q) (s+t)+R(p+¢) (S+T) 
aa(=e+f+1) R(s+t)?+(r+1)*D(e4+-7)’ R(S+T) (s+t)+ 
(r+1)D(3+T) (o+7) 
Total |R(p+aq-+s+t)*+(r+1)°D(e+r)? |R(PLOLSLT) (p+q+s+t) 
+(r+1)D(3+T) (e+ 1) 
BB(=c+e+j)  |R(p+s)*4+(r+1)"*Do? R(P4+S) (p+s)+(r+1) D3e 





Bb(=g+h+it+l) |2R(p+s) (q4+t)+2(r+1)*Dor R(P+S) (q+t)+R(p+s) 


(O+T)+(r+1)D(3r+0T) 





bb(=d+f+k)  |R(q+t)?+(r41)°D2 R(O4T) (q4+t)+(r4+1)DeT 
Total | R(p+q+s+t)?+(r+1)*D(o4+7)? |R(P+0+S+T) (+9454) 


+(r+1)D(3+T) (o+7) 


Table 30. Self-fertilization; proportions of the different kinds of 
zygotes in generation 2 + 1, in terms of their proportions in generation 
n (the proportions in generation m are those given in table 1). Column 
I, results when linkage is the same in both sets of gametes; column 2, 
when linkage is complete in one set. 

















Zygotes of | In terms of proportions of zygotes of generation n 
n+l | 1. Linkage the same in both sets| 2. Linkage complete in one set 
c(=ABAB) (r+1)?(4c+i+j)+r79+h | (r-+1) (4c+i+j)+r9 
d(=AbAb) (r+1)?(4d+i+k)+rh+g (r+1) (4d+i+k)+rh 
e(=aBaB) (r+1)*?(4e+j+1)+9r7h+-g (r+1) (4e+j+1)-+1rh 
f (=abab) (r+1)7(4f+k+l1)+rg+h | (r+1) (4f+k+1) +19 
Total homozygotes |2(r+1)*(2c+2d+2e+2fti+ | 2(r+1) (2c+2d+2e+2f+ 
t+k+1)+2(r°+1) (g+h)| i+j+k+l)+er(g+h) 
g(=ABab) | 2( rg+h) | 2rg 
h(=AbaB) 2(rh+g) | 2rh 
Total heterozygotes |2(r°+1) (g+h) 2r(g+h) piesa. 
i(=ABAb) 2(r+1)*i+ear(g+h) \2(r-+1)itg+h 
j(=ABaB) 2(r-+-1)*j+e2r(g+h) \2(r+1)j+gq+h 
k(=abAb) 2(r+1)*k+ar(g+h) 2(r+1)k+g+h 
1(=abaB) 2(r+1)*l+ear(g+h) 2(r+1)lt+g+h 
Total mixed 2(r+1)*(i+y+k+/)+ 2(r+1) (ity+k+l)+4(g+h) 
8r(g+h)| 
Total 4(r+1)*(c+d+e+f+o+ 4(r+1) (c+d+e+f+o+ 


h+i+j+k+)| dln h+i+j+k+l) 
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Table 31. Seli-fertilization. Formulae for the zygotic constitution 
of the population derived from original parents ABab by any number 
of successive self-fertilizations. 


Let r = the linkage ratio 
n == the number of successive self-fertilizations. 
™ 
i= 
2(r+1) 
r=-1 
» = ea, 
2(r-+1)? 
r°—] 
w= cc“ 
2(r+1)? 


The proportions of the 10 diverse classes of zygotes are designated 
by the letters c to /, as in table 1. Then after successive generations 
of self-fertilization: 





Column 1. Linkage = rin both (Column 2. Linkage complete 
sets of gametes ‘n one of the sets of gametes 
2-11] Qn 1.7 
Total homozygotes + yn —a a 
>n—1 gn-l 


2n-1__y ent Ww" qwN-1 1 qn-2 Low 2n-1__] u” u"-14t-y"-2-, ..uU 























c(=—ABAB) . eS ERE ene 
Qn+l 4 Qu+l 2 4 
Qn Rien y"™—qy"— "1 yn-2_., ..w gn-1__y anlar +. ..u 
d(=AbAb) % dais aigd capes Sasi Aalgaiaceesscalaisdataiaclinipaticin 
Quel 4 Qur+l 4 
e(=aBaB) —d 4 
f (=abab) —¢ =e 
Total heterozygotes yn nu” 
un teqn 
g(=ABab) asinsiisinimeesn u” 
aon aon 
« — tt 
h(=AbaB) —_— O 
_ , I | I 
Total mixed — — 2" [LK—— — 29" 
Qu-1 n= 
; I vu" I u” 
i(—ABAb) _— Sayan 
Qr+l 2 Quel 2 
7 — k — l — i ‘ 


If the original parents are AbaB: 
The values for c and d are to be interchanged. 


sé “ec “ce ce “ce “e “e “ce 
e 


se ce ce e h “ec ce ec ce 


g 
The values for the mixed (i, j, k, /) remain unchanged, also the 
values for total homozygotes; total heterozygotes; and total mixed. 
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In a former paper (Davis 1914), I presented data on a number of 
F, hybrids between species crosses of Oenothera chiefly with reference 
to the studies of Professor DE Vries on the remarkable crosses between 
Oe. biennis and Oe. muricata, where for certain vegetative characters 
patroclinous tendencies are strongly exhibited. Dr VRIEs expressed the 
results in the F, generations, for the characters concerned, by the for- 
mulae m XK b=bandb K m= Mm. 

It will be remembered that DE Vries (1911, 1913) has given his con- 
clusions respecting the inheritance of habit and foliage in the inter- and 
back-crosses by a number of formulae which for biennis and muricata 
read as follows: 


Simplified 
Double reciprocal (b & m) XK (m Xb) —=b nx es 
* 7 (m Xb) KX (bX m) =m bxXm—=—m 
Sesquireciprocal b & (m xX b)=b es eo 6 
a (6 X m) Xb 6 m5 eb 
zi mX (6X m)=—m mx m—=—m 
7 (mXb) XK m=m bxXm=—=—m 
Iterative bx (bX&m)=m bX m—m 
a (bX m)xXKm=m mXm—=m 
= mxX (mm X 6) = 6 ma xX b==5 
_ (mn < 5) X6—b xX o=0 
By reducing the expressions which stand for the F, hybrids in accord- 
ance with the statement that m * b=b and b * m = m there is ob- 


tained the simplified formulae placed in the second column. The striking 
feature of the situation is the conclusion of DE Vries that the pollen 
involved in all of these combinations makes the same impression whether 
it is from the species or from an F, hybrid and the impression is always 
in large measure a patroclinous dominance as to features of habit and 
foliage. 

The dominance of the pollen parent expressed in the F, hybrids while 
at times conspicuous is, nevertheless, not an absolute dominance, but is 
relative in degree, as was shown by the analysis of the F, hybrids de- 
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scribed in my former paper (Davis 1914). I was unable to find evidence 
that a morphological character of either species in the crosses studied 
was ever passed on to the F, hybrids exactly as represented in either 
of the parents. When the resemblance to one of the parents has been 
strongest there has always been some trace of the influence of the other 
species. I was not convinced that the exact duplication of a parental 
character was ever attained in the F, hybrids of the material under con- 
sideration, which included crosses between biennis and muricata, biennis 
and Franciscana, biennis and grandiflora, and between muricata and 
gigas. 

The present contribution will describe some inter- and back-crosses 
involving the F, generations of the species crosses listed above. Unfor- 
tunately the cultures were grown a year or two before the methods of 
experimental germination had been devised which make it possible to 
obtain complete germination of Oenothera seeds (DE VRIES 1915, Davis 
1915). Consequently the results here presented can make no claim to 
complete information on the possibilities of the crosses involved. The 
percentages of germination from the earth-sown seeds were in certain 
cases strikingly small and I have since been able to establish from ex- 
perimental germinations in Petri dishes the degrees of seed fertility 
that are inherently possible. This data is here included in comparison 
with the percentages of germination actually obtained from seed in the 
earth. Information on the facts of seed germination are essential to 
final conclusions in genetical work on hybrids where the amount of seed 
sterility is as great as in this material of Oenothera. 

Especially necessary is this information on the crosses between biennis 
and muricata since these hybrids present an extraordinary amount of 
seed sterility together with much delayed germination. Consequently, 
earth-sown cultures of these hybrids frequently very imperfectly give 
the possibilities of the sowing as to numbers of individuals and we do 
not know how representative may have been the types obtained. There- 
fore, the results of my studies have no value as expressions of numbers 
and ratios and it is more than doubtful whether all of the types or 
classes represented by viable seeds actually materialized in the cultures. 
This criticism applies with equal force to the data presented by Professor 
DE Vries. I have, however, no hesitation in giving my results, imperfect 
as they are, since I can at least indicate in certain measure the degree 
of imperfection, and the data as they stand have direct bearing on the 
studies of DE VRIEs. 
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HYBRIDS INVOLVING OENOTHERA BIENNIS L. AND OE. MURICATA L. 


(a) Double reciprocal (biennis X muricata) X (muricata X biennis), 
cultures 14.43a and 14.43¢ 

The seeds of this cross were obtained by pollinating 2 plants of 
culture 13.33 (F,, biennis X muricata, Davis 1914, p. 176, figs. II, 13, 
15) from plants of culture 13.34 (F,, muricata  biennis, Davis 1914, 
p. 176, figs. 10,12, 14). The harvest was exceedingly small, as DE VRIES 
has also reported, very few seeds being developed and these only in the 
lower portions of the capsules. The seeds, however, were large and many 
were twice as long as broad. Plants 13.33a and 13.33e gave respectively 
21 seeds from 4 capsules and 52 seeds from 7 capsules. 

The germination of the seeds sown in earth, pans kept for 9 weeks, 


\4.43 &¥ 
, (Gxm) x Gmxe 





Figure 1.—Double reciprocal (biennis & muricata) XK (muricata < biennis). Type 
2, muricata-like in habit, foliage, inflorescence, and buds. Self-sterile. 
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was extraordinarily poor. From the 21 seeds of plant 13.33a only 2 
seedlings appeared, culture 14.43a, and the 52 seeds of plant 13.33¢ 
gave only 6 seedlings, culture 14.43e. The seedlings all reached matur- 
ity, a total of 8 plants from 73 seeds. 

According to DE Vrigs’s formula, (b KX m) &K (m X b) —bB, all of 
the 8 plants should have been similar and biennis-like in habit and 
foliage, but, to my surprise, each of the two cultures presented two types 
sharply distinguished, which happened to be distributed in equal num- 
bers (culture 14.43a 1 + 1, culture 14.43e 3 +3). The points of con- 
trast were not noted until maturity, since as rosettes the plants were 
The striking differences between the two types 
are tabulated below and comparison may readily be made with a similarly 
arranged statement of the characters of biennis and muricata (Davis 
1914, p. 174). 


Double reciprocals (biennis * muricata) X (muricata X biennis) 


similar and biennis-like. 


Type 1, biennis-like but less vig- 
orous. 


Type 2, in important respects 
muricata-like. 
Mature plants. About 0.7 m high, 
similar to biennis in habit, but 


Mature plants. About 1.2 m high, 
habit of muricata but more 











smaller, less vigorous and with 
fewer branches. Papillae 
stem green as in biennts. 

Foliage. Leaves resembling those 
of biennis in form and color but 
generally smaller. 


on 


Inflorescence. Bracts 4—¥Y% 
length of mature buds, in form 
similar to biennis (fig. 3, 
14.43eg). Younger buds 
jecting beyond the bracts as in 
biennis. 

Mature buds. About 5 cm long, 
biennis-like in form, in the cone 


pro- 


being scarcely angled, in the 
slender, spreading sepal tips, 


and in pubescence. (See Fig. 3, 
_ 14.43¢g.) 

-etals ‘m long, smaller tl 
Petals. 1.4 cm long, smaller than 


those of biennis (2—2.3 cm). 
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branched and stocky, exceptional 
vegetative vigor (fig. 1). Papil- 
lae on stem red as in muricata. 

Foliage. Leaves toothed and keeled 
as in muricata but broader (figs. 
I and 2), color a somewhat 
darker green. 

Inflorescence. Bracts 24—34 length 
of mature buds, in form similar 


to muricata (fig. 3, 14.43er). 
Bracts projecting beyond the 
younger buds (fig. 2) as in 


muricata. 

Mature buds. About 6 cm Iong, 
larger than muricata but similar 
in form, in stout cone strongly 
4-angled, and in thick appressed 
sepal tips. (See fig. 3, 14.43er.) 
Pubescence very heavy. 

Petals. 1.4 cm long, somewhat 
larger than those of muricata 
(I—1I.3 cm). 
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Stigma lobes. 5 mm long, about Stigma lobes. 7 mm long, about 


3 mm below tips of anthers, 3 mm below tips of anthers, 
similar to biennis. much longer and lower than in 
muricata. 

Ovaries. Papillae green. Ovaries. Papillae red. 

Capsules. 2.3—2.5 cm long, sim- Capsules. Self sterile, 40 opera- 
ilar to those of biennis. Self tions to self-pollinate all failures, 
fertile, giving a large yield of occasional small capsules devel- 
seeds. oped from open pollinations. 

Pollen. 3-lobed and about 50% Pollen. Perhaps 90% shriveled, 
shriveled as in Diennis. the various-sized grains mostly 


4-6 lobed. 


In view of the conclusions of DE VRIEs it is very interesting that my 
cultures of this double reciprocal should have given two types so distinct 
as those just described. Dr Vries (1913, pp. 89, 90) reports on a cul- 
ture of 25 plants all similar and biennis-like as in my type 1; he did not 
obtain type 2 with its resemblance in many points of morphology to 
muricata. It may therefore be questioned whether pE VRiEs is correct 


eee —_——— + 


10 Cm. 








wigs Ex (Gxm) X(mx6) 


Ficure 2.—Inflorescence of double reciprocal, type 2, (biennis X muricata) X (muri- 
cata X biennis), shown in fig. 1, muricata-like in foliage, bracts and buds. 
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in concluding for this double reciprocal that the characters of the muri- 
cata species are wholly set aside. 

As previously stated, from the total of 73 seed-like structures sown 
in the earth only 8 seedlings appeared after 9 weeks, a germination of 
II percent. I had no seeds remaining to test experimentally the ratio 
of viable seeds when germination is forced to completion, but judging 
from my results in other crosses involving biennis and muricata the per- 
centage of viable seeds should be much greater. It will become a matter 
of interest, when this cross is repeated and the seeds forced to complete 
germination, to see whether other types besides the two here reported 
may be found and a greater degree of segregation established. Since 
there is in the parent reciprocals, b X m and m X b, a marked loss of 
vigor over the parents, biennis and muricata, and an unusually high de- 
gree of pollen sterility, and in the double reciprocal an exceptionally low 
yield of seeds there would seem to be the probability that large numbers 
of zygotic combinations are eliminated through the extraordinary mor- 


Type r . 


Type Tt 


>;cm. 


5 om. 














t 


Giewnnis 14.43 &4 43 er ~“muricata 
th a ae 
(&xm) x (mxé) 


| 





Figure 3.—Comparison of the buds and bracts of the two types of double reciprocals 
(biennis X muricata) X (muricata X< biennis). Type 1 similar to biennis. Type 2 
resembling muricata. 
tality of gametes and zygotes. It is along these lines that the peculiarities 
of this double reciprocal seem to me more likely to be understood rather 
than by the hypothesis put forward by DE VRIES. 

I selfed a plant of type 1 (14.43eg), the biennis-like segregate, and 
the following year obtained 38 seedlings from 304 seeds sown in the 
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earth, pans kept for 9 weeks, a germination of 12 percent. A subsequent 
experimental test in Petri dish of 477 seeds from the same harvest 
showed that 89 percent were actually viable. The 38 seedlings gave 
a culture, 15.439, of 36 plants, 35 of which were biennis-like as DE VRIES 
described while 1 developed into a narrow-leaved weak type which 
failed to flower. 

The 4 plants representative of type 2 were very interesting on account 
of their great vegetative vigor as well as for the numerous characters 
suggestive of muricata, and their complete self-sterility was surprising. 
The facts of this vigor together with the great amount of shriveled 
pollen (about 90 percent), most of which consisted of 4—6-lobed grains 
instead of the usual 3-lobed form suggest that the plants had some unusual 
chromosome complex which failed to behave properly at the time of 
reduction, after the manner characteristic of triploid forms of Oenothera. 
(b) Double reciprocal, (muricata X biennis) X. (biennis X muricata) 

I have twice been prevented from making this cross by the fact that 
in my garden the plants of the reciprocal biennis X muricata produced 
pollen for so short a time that they became completely sterile before the 
cultures of muricata  biennis had come to flower and were ready for 
a cross-pollination. In 1913 the reciprocal biennis X muricata was rep- 
resented by 92 plants (culture 13.33), as described in my earlier paper 
(Davis 1914, pp. 176-188). The culture came to flower towards the 
last of June, producing then less than 1% as much pollen as might be 
expected from the size of the anthers. By the middle of July pollen 
was no longer shed, the anthers drying up to small shriveled structures. 

Hoping to increase the output of pollen and to lengthen the time 
of its production I grew in 1914 the same reciprocal, dividing the plants 
into three groups and heavily treating each with a different type of 
fertilizer sold by Baugh and Sons Company. The fertilizers used, about 
1 kilogram to the square meter, were (1) Baugh’s raw bone meal, phos- 
phoric acid 21.5%, ammonia 4.5%, (2) Baugh’s balanced plant food, 
phosphoric acid 10.5%, ammonia 2%, potash 7%, (3) Baugh’s high 
grade potato grower, phosphoric acid 8%, ammonia 4%, potash 10%. 
Although I obtained somewhat larger plants ‘by this treatment there 
was apparently no improvement in the amount of pollen formed. 

The reverse reciprocal, muricata X biennis, also exhibited a similar 
but not quite so high a degree of pollen sterility and treatment with the 
same fertilizers in 1914 also failed to improve materially the output 
of pollen. 
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(c) Sesquireciprocal, biennis X (muricata X biennis) 


I was unable to make this cross successfully, taking the pollen from 
culture 14.34 (muricata X biennis); 15 attempts during the middle of 
July gave no seed. 


(d) Sesquireciprocal, (biennis X muricata) X biennis, culture 15.31 


Pollination of plants in culture 14.33 (biennis X muricata) from 
biennis resulted in a fair harvest. Sowings in earth of 267 seeds from 
7 capsules gave after 9 weeks a culture consisting of 25 seedlings, a 
germination of 9 percent. A record of complete germination in Petri 
dish presented 132 seedlings from a sowing of 282 seed-like structures, 


RT eR 


muricata |520 15.16 Licnnis 





> eee 40 cm. , 


epee’ m  (bxm)x & ¥ 





Figure 4.—A contrast of sesquireciprocals (biennis X muricata) X biennis, culture 
15.31, and (muricata X biennis) X muricata, culture 15.35, the former similar to bien- 
nis (15.16 above), the latter similar to muricata (15.20 above). 
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germination 46 percent. The 25 seedlings grew into mature plants 
uniform throughout all stages of development and at all times biennis- 
like although with apparently a somewhat greater vigor. A comparison 
in fig. 4 of the rosette 15.16 with 15.31 will show how close is the re- 
semblance of the hybrid to biennis. These observations are in accord 
with the results of pE Vrres, but since the germination in the earth 
was so poor the cross should be repeated and cultures grown from seed 
forced experimentally to a complete expression of seed viability. 

(e) Sesquireciprocal, muricata X (biennis X muricata) 

The fact that pollen formation in the F, hybrid, biennis > muricata 
(culture 14.33), ceased after the middle of July, made it impossible to 
accomplish this cross, since muricata in my garden comes to flower later 
in the summer. 


(£) Sesquireciprocal, (muricata X biennis) X muricata, culture 15.35 

There were sown in the earth 246 seeds from 5 capsules, which after 
g weeks gave 43 seedlings (culture 15.35), a germination of 17 percent. 
An experimental test of seed germination forced to completion resulted 
after 7 weeks in 198 seedlings from about 498 seed-like structures, 
germination about 40 percent. After the 43 green plants had been 
potted there began to appear in these pots seedlings with white coty- 
ledons which promptly died; 23 of these were recorded before the green 
plants were set out in the garden. Since it is my habit to pot cultures 
in soil seed-sterile, and since these etiolated seedlings or other forms 
appeared in none of my other cultures I am forced to conclude that thev 
represented a class derived from seeds carried over during the potting 
of the green plants and therefore the result of delayed germination. 
Such classes of etiolated seedlings are in my experience not uncommon 
from hybrids of Oenothera. 

Of the green plants, 42 came to maturity and were in all poiics of 
morphology similar to muricata, but more vigorous, larger-leaved, and 
more fertile, producing capsules in abundance. The resemblance of 
the young rosettes to those of muricata is shown in fig. 4 (compare 
15.35 with 15.20). Thus my observations on the green plants from 
incomplete germination conforms entirely to DE VrRiEs’s conclusion that 
(m X b) X m=, but I believe that a culture grown from seed ex- 
perimentally forced to a complete germination would show at least a 
class of etiolated seedlings with the possibilities of other types. 
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(g) Iterative, biennis  (biennis XK muricata), culture 15.32 

The small amount of pollen produced by the F,, biennis & muricata, 
made it difficult to obtain seed of this cross; 12 attempts at pollination 
gave 2 capsules with a total of 22 seeds. From the 22 seeds sown in 
earth only 1 seedling appeared after g weeks, a germination of 4.5 
percent. The single seedling developed into a fine plant muricata-like 
in all points of morphology, but larger-leaved, more vigorous and highly 
fertile in its seed production. Dr Vries (1913, p. 95) obtained with 
very much larger cultures plants similar to the F, biennis  muricata 
but he gives no data on the seed fertility following the cross b X 
(b Xm). My difficulty in obtaining seed together with the low germi- 
nation in earth leads me to believe, either that all of the classes of viable 
seeds have not yet been germinated, or that lethal factors eliminate 
classes of gametes and zygotes. 


(h) Iterative, (biennis XX muricata) X muricata, culture 15.33 

From 212 seeds, contents of 6 capsules, sown in the earth, I obtained 
after 9 weeks only 2 seedlings, a germination of 0.9 percent. A test 
in a Petri dish of 292 seeds from the same harvest gave after 7 weeks 
a complete germination of 42 seeds or 14 percent. One of the seedlings 
developed into a vigorous, highly fertile plant, muricata-like in morphol- 
ogy but larger-leaved; the other plant was dwarfed and weak, failing 
to flower, but with foliage similar to muricata. DE VRIES (1913, p. 96), 
who was fortunate in having very much larger cultures, reports that 
the plants without exception were of the type of the F,, biennis & muri- 
cata. The obvious habit of delayed germination will make necessary 
further studies of this cross from seeds forced to complete germination, 
and the low percentage of viable seeds emphasizes the problems of 
gametic and zygotic sterility which run through so much of the work 
on Oenothera genetics. 


(i) Iterative, muricata X (muricata X biennis), culture 15.36 

A sowing of 198 seeds from 6 capsules gave after 9 weeks in earth 
51 seedlings, germination 25.7 percent. By the time the rosettes were 
4 grown it was evident that their characters were intermediate between 
those of the parents (in fig. 5 compare 15.36 with 15.16 and 15.20), 
and similar to the rosettes of the F, hybrid muricata < biennis (see 
Davis 1914, fig. 2, muricata < biennis). The 51 seedlings produced 
mature plants uniform in appearance and also similar to the F, muri- 
cata X biennis. 
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It will be remembered from my earlier paper (Davis 1914, pp. 176- 
181, figs. 10, 12, 14, 15) that this hybrid, muricata  biennis, was 
patroclinous only in so far that the foliage of the rosettes and mature 
plants resembled more strongly that of the pollen parent, but that this 
resemblance was very far from a duplication of the characters of biennis 
since the leaves were intermediate in form and size. This hybrid was 
markedly matroclinous in the length of the bracts relative to the length 
of the buds and in the form of the sepal tips. Now the iterative hybrids 
presented the.- same characters to so similar a degree that the formula 
m X (m X b) =(m X b) expresses very accurately the facts, and like 
the cross m xX b the iteratives were highly sterile. My results are 
apparently in full accord with those of pE Vries but I should emphasize 
the fact that none of the characters of either parent were represented in 
pure form in the hybrids. The relatively low seed fertility and exceed- 
ingly high degree of pollen sterility strongly suggest that the hybrids 
may be representative of the only class able to survive in fair numbers 
the conditions of high mortality among the gametes and zygotes. 

(j) Iterative, (muricata & biennis) X biennis, culture 15.34 

These hybrids were of exteptional interest since they presented the 
same characters as the iterative muricata X (muricata X< biennis) just 
described. From 217 seeds sown in earth, contents of 4 capsules, 47 
seedlings were obtained after 9 weeks, a germination of 21.6 percent. 
From the fact that a sowing of about 373 seeds in a Petri dish gave 
after 4 weeks 73 seedlings, a germination of 19.5 percent, it would seem 
as though the germination in the earth must have been essentially com- 
plete. The %-grown rosettes were intermediate between the parents 
(in fig. 5 compare 15.34 with 15.16 and 15.20), indistinguishable from 
the rosettes of the iterative m XK (m X 6b) (in fig. 5, compare 15.34 
with 15.36), and also similar to the F, hybrid m X b (see Davis 1914, 
fig. 2, muricata X biennis). All of the 47 seedlings developed into 
mature plants, uniform and of the same type as the iterative m 
(m X b) and the F, m X Db; they were likewise highly sterile. Thus 
my results with this iterative cross were the same as those of DE VRIEs, 
but again the low seed fertility and high pollen sterility present factors 
that cannot be disregarded in an interpretation of the conclusions and 
lead me to believe that the plants so far grown are representative of 
only one class of hybrids, and that through the sterile and abortive 
seeds and by the pollen degeneration are eliminated other types of which 
we have no information. 
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Figure 5.—Comparison of the iteratives muricata X (muricata X< biennis), culture 
15.36, and (muricata X biennis) X biennis, culture 15.34. These iteratives are essen- 
tially indistinguishable from one another and similar to the F, hybrid muricata X bien- 
nis. They present rosette characters intermediate between those of the parents, 
biennis (15.16) and muricata (15.20) shown above. 


(k) Remarks 


I do not wish at this time to discuss the interesting theory of DE VRIES 
for the reported behavior of biennis and muricata in the inter- and back- 
crosses and also in the F, generations, since I am confident that we 
have not as yet the full data before us. My success in obtaining 2 types 
of plants from the double reciprocal (b K m) X (m X b) where DE 
Vries found only 1 and in finding a class of etiolated seedlings in the 
sesquireciprocal (m xX b) XX m leads me to believe that cultures grown 
from seed forced to complete germination may show a greater variety 
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of forms. I also obtained in the iteratives b X (b XK m) and (b XK m) 
> m plants with the morphology of the muricata parent but even more 
vigorous and highly fertile while DE Vries reports plants of the type of 
the F,, biennis X muricata. The extent of delayed germination among 
these hybrids is undoubtedly very great and only by methods of experi- 
mental germination which preserve the residue of sterile structures for 
examination can we be certain that cultures exhibit the full possibilities 
of viable seeds. In table 1 there is given the data on seed germination 
in my cultures of hybrids involving biennis and muricata and a glance 
will show how low was the percentage of germination obtained ftom 
sowings in earth even though the seed pans were for the most part kept 
as long as 9 weeks. Of especial interest are the comparisons that may 
be made of 5 records of earth-sown cultures with experimental germina- 
tions from the same harvests in Petri dishes; 15.439 with *15.43g, 15.31 
with *15.31, 15.35 with *15.35, 15.33 with *15.33, and 15.34 with 
*15.34. These records show generally that the sowings in earth brought 
forth only a small fraction of the viable seed. 


TABLE I 


Seed germination in crosses involving Oenothera biennis and Oe. muricata 





| Percent 
Culture | Cross |Seeds Sown Seed- | of ger-| Duration of 
| sown in lings |mination| experiment 

14.43 |Double reciprocal, (bm) (m xb) 73 Earth 8 | II.0 9 weeks 
15.439 |Fs, Double reciprocal, 14.43eg selfed| 403 Earth 38 | 120 9 weeks 
*15.439 |F;, Double reciprocal, 14.43eg selfed| 477 | Petri dish 427 89.0 6 weeks 
15.31 |Sesquireciprocal, (b<m) Xb | 267 Earth 25 | 90 9 weeks 
*15.31 |Sesquireciprocal, (xm) xb | 282) Petri dish 132 | 46.0 6 weeks 
15.35 |Sesquireciprocal, (m xb) xm | 246 Earth 43 | 17.0 9 weeks 
*15.35 |Sesquireciprocal, (m xb) xm | 498 Petri dish 198 | 400 7 weeks 
15.32 |Iterative, bx (bm) 22 Earth 1 | 4.5 9 weeks 
15.33 |Iterative, (b<m) Xm | 212 Earth 2 | 0.9 9 weeks 
*15.33 |Iterative, (bm) Xm | 202 Petri dish 2 | 140 7 weeks 
15.36 |Iterative, mx (m Xb) | 1098 Earth 51 25.7 9 weeks 
15.34 |Iterative, (mx<b)xb | 217 Earth 47 | 21.6 9 weeks 
*15.34 |Iterative, (mx<b)xb | 373 | Petri dish 73 | 10.5 4 weeks 
14.41 |F., biennis < muricata | 466 Earth g | 1.7 9 weeks 
14.42 |F,, muricata < biennis 205 Earth 35 | 320 9 weeks 
13.33 |F,, biennis X muricata | 673 Earth 139 20.0 6 weeks 
13.34 |F;, muricata & biennis | 153 Earth 07 63.0 7 weeks 
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Delayed germination is, however, only one of the factors in the 
genetical problems of fertility presented by these interesting crosses. 
There was an immense amount of seed sterility presented in the records 
*15.31, *15.35, *15.33, and *15.34, as proved by the residue of seeds 
empty of contents and by numerous abortive structures of smaller size. 
Also, there is the wide-spread pollen degeneration which gives to these 
hybrids usually a remarkably small output of pollen, and possibly cor- 
related with this is the large amount of ovule powder representing ovules 
which either were not fertilized or if fertilized failed to develop further. 
Until this data on gametic and zygotic sterility is assembled and under- 
stood in its cytological and physiological bearings we are in no position 
to hold more than tentative hypotheses. I am inclined to believe that the 
relatively few types so far described among these hybrids represent a lim- 
ited number of classes able to survive the very extensive mortality among 
the gametes and zygotes. The number of classes is, I think, likely to 
be materially increased through cultures grown from seed forced ex- 
perimentally to complete germination. 

The interesting facts so far before us show that many of the charac- 
ters of biennis and muricata are inherited in close correlation or, in 
other words, are closely linked, and this principle seems generally to be 
established by studies on Oenothera genetics. With respect to the 
crosses under consideration the combined results of DE Vries and my- 
self may be summarized as follows: 


DE VRIES Davis 





Double reciprocal (bm) X (mXb)= biennis biennis (4 plants), and a sterile 
form somewhat mwuricata-like 
(4 plants) 


Double reciprocal (mXb) x (bXm)= muricata No data 

Sesquireciprocal bx (m xb) = biennis No data 

Sesquireciprocal (b<m)xb = biennis biennis (25 plants) 
Sesquireciprocal mx (b<m)= muricata No data 

Sesquireciprocal (m<b)Xm= muricata muricata (43 plants), and a 


class of etiolated seedlings 
(23 plants) 


Iterative bx (bXm) = biennisXmuricata muricata (1 plant) 
Iterative (bXm)Xm= biennisXmuricata |muricata (2 plants) 
Iterative mx (mXb)= muricataXbiennis muricataXbiennis (51 plants) 
Iterative (mXb)Xb = muricataXbiennis muricataXbiennis (47 plants) 


The points of difference in the conclusions as tabulated above indicate 
to me that further studies are likely to increase the number of types 
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which will be obtained from these crosses when cultures have been 
grown in which we may feel certain that all of the seeds have germi- 
nated. The results so far indicate that the characters of the hybrids 
for the most part, as represented in the viable seeds, are similar to one 
or the other of the parents or similar to the F, hybrids. If the char- 
acters should prove to be correlated with little variation from so simple 
an arrangement the different types of viable gametes formed would 
be relatively few in number, and the data on sterility both gametic and 
zygotic may give, when assembled, the key to the peculiarities of these 
interesting hybrids. 


HYBRIDS INVOLVING OENOTHERA BIENNIS L. AND OE. FRANCISCANA BARTLETT 


My studies on hybrids between Oenothera biennis and Oe. Franciscana 
have had for me the greatest interest with respect to the evidence for the 
segregation of parental characters shown in the F, generation (Davis 
1916), and with reference to the Lamarckiana-like forms that may be 
found among these segregates. I have, however, grown a full set of 
double reciprocals, sesquireciprocals and iterative hybrids from crosses 
with the race Franciscana E. The characters of Franciscana will be found 
contrasted with those of biennis in the paper on the F, generations of 
that cross (Davis 1916, pp. 206, 207), and the characters of the F, 
reciprocal hybrids are compared in the earlier paper (Davis 1914, pp. 
190, 191). I shall now only report briefly the chief features of the 
back- and inter-crosses, following the order of descriptions as just given 
in the account of the same crosses between biennis and muricata. It 
will be noted that the results do not follow consistently the formulae 
given by pE Vries for the inter- and back-crosses of the F, reciprocals 
of biennis and muricata; compare p. 156 with p. 175. 


(a) Double reciprocal, (biennis & Franciscana E) X (Franciscana E 
< biennis), culture 15.62 


A sowing of 302 seeds, contents of 2 capsules, in earth, gave after 
9 weeks 72 seedlings, germination 23.8 percent. A test of seed viability 
in a Petri dish produced 342 seedlings from about 657 seed-like struc- 
tures with an additional residue of 130 abortive seeds, germination 
52 percent. Shoots were developed from 51 rosettes, 11 of which were 
biennis-like, the others mostly resembling Franciscana or having char- 
acters intermediate between the parents; there was an eventual mortality 
of 21 plants mostly from a group of dwarfs. The stems all had the 
red papillae of Franciscana. The foliage on shoots from the biennis- 
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like rosettes was similar to biennis and the buds, flowers and capsules 
were also like those of biennis. The Franciscana-like rosettes produced 
plants with foliage and buds of this parent but fully half of the plants 
had flowers of the size and form of biennis. The culture thus, failing 
to hold to one type, clearly differentiated several classes of hybrids. 
The low germination of the earth-sown culture does not justify further 
discussion. 


(b) Double reciprocal, (Franciscana E X biennis) & (biennis & Fran- 
ciscana E), culture 15.61 


The seed germination of this cross in the earth was 30 percent, and 
that of an experimental test 34 percent, so there is some reason for 
regarding the culture as fairly representative. There appeared at the 
end of 84 weeks 73 seedlings from a sowing of 243 seeds, contents 
of 2 capsules. Of the 63 rosettes which survived 3 were biennis-like, 
15 intermediate, 38 Franciscana-like and the others were narrow-leaved 
dwarfish types. Shoots were sent up from 63 rosettes and all were 
red papillate as in Franciscana. One of the biennis-like rosettes pro- 
duced a plant with foliage, buds and capsules of this parent but with 
a petal size and stigma relation of Franciscana; the other two rosettes 
developed into plants which resembled Franciscana in foliage, buds and 
capsules but had the smaller petals and shorter style of biennis. The 
Franciscana-like rosettes and those intermediate all developed shoots 
similar to Franciscana in foliage and buds but with flower size and 
structure biennis-like in 33 of the 53 plants. The culture at maturity 
with the exception of 1 plant consisted then of types Franciscana-like 
as to foliage, bud form and capsules, but with a wide range of flowers 
from a size and structure as in biennis to flowers indistinguishable from 
those of Franciscana. The segregation was remarkably clear-cut in 17 
plants which were very close to the Franciscana parent, but as a whole 
the culture was far from uniform. 


(c) Sesquireciprocal, biennis< (Franciscana EX biennis), culture 15.64 


This cross proved to be of exceptional interest for its well defined 
segregates and especially for the appearance of green-stemmed plants 
in contrast to those with red papillae. A sowing in earth of 151 large 
seeds from I capsule produced after 814 weeks 27 seedlings, a germina- 
tion of about 18 percent. Experimental germination of 432 seeds gave 
323 seedlings, about 75 percent, so that the earth-sown culture was 
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very far from representative of the seed viability. Of the rosettes, 
11 were biennis-like, 11 intermediate, 1 Franciscana-like and 4 were 
narrow-leaved dwarfs. The shoots from the biennis-like rosettes were 
green (papillae not red) and all of these plants were also biennis-like 
in foliage, buds, flowers and capsules; they constituted a remarkable 
class of segregates in all respects similar to the biennis parent. The 
rosettes intermediate in character or Franciscana-like developed shoots 
with red papillae and likewise presented foliage and buds as in Fran- 
ciscana, but all had the smaller petals and shorter styles of bdiennis. 
Thus about % of the plants were like the biennis parent, while Fran- 
ciscana characters of stem coloration, foliage and buds, appeared in the 
remainder of the culture. 


(d) Sesquireciprocal, (biennisX Franciscana E) X biennts, culture 15.67 

This cross gave a progeny remarkably uniform and possibly fairly 
representative of the viable seeds. The earth-sown culture consisting 
of 159 seeds from I capsule gave after 12 weeks 46 seedlings, germina- 
tion about 29 percent; in a Petri dish 593 seeds produced 193 seedlings, 
germination 32.5 percent. As rosettes 44 of the plants were biennis- 
like and 2 were narrow-leaved dwarfs which died; 40 plants of the 
biennis-like group came to maturity. They were strong plants similar 
to biennis in habit, foliage, bud and flower structure, but with longer 
capsules (2.5-3 cm) and all with the red papillae of Francicsana. Thus 
the color peculiarity of biennis (green stems) together with the short 
capsules failed to segregate with the other conspicuous characters of 
this parent species. 


(e) Sesquireciprocal, Franciscana E X (biennis  Franciscana E), 
culture 15.70 

This cross was represented by a relatively large number of plants; 
248 seeds, from I capsule, gave in the earth after 814 weeks 124 seed- 
lings, germination 50 percent. A test in Petri dish of 603 seed-like 
structures resulted in 533 seedlings, germination 88 percent. The cul- 
ture matured go plants and was uniformly Franciscana-like in the form 
of the rosette, in having red papillae over the stems in the form of the 
foliage, bud tips and capsules. There was a wide range of flower size, 
most of the plants approaching biennis in having smaller petals and a 
lower position of the stigma, and there was likewise much variation 
in the size of the leaves; 15 plants were Franciscana-like in all respects. 
A group of 22 backward plants remained as dwarf rosettes. 
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(£) Sesquireciprocal, (Franciscana E X biennis) X Franciscana E, 
culture 15.65 

From 154 large seeds, contents of 1 capsule, sown in the earth there 
were obtained after 814 weeks 41 seedlings, a germination of 26 per- 
cent; tested in Petri dish 220 seeds gave 100 seedlings, germination 45 
percent. The culture matured 37 plants of which 1 was green-stemmed 
and biennis-like in all other respects except for larger capsules and 
a weak branching. The other 36 plants were uniformly Franciscana- 
like as rosettes, in foliage, buds and in having red papillae. They ex- 
hibited, however, many flowers approaching biennis in size and position 
of stigma; 16 plants were in all respects Franciscana-like. 


(g) Iterative, biennis X (biennis X Franciscana E), culture 15.68 

In this cross the germination of 108 seeds in earth, giving 40 seed- 
lings, 37 percent, after 814 weeks was higher than that of 145 seed-like 
structures in a Petri dish, 45 seedlings, 31 percent. A high mortality 
among the rosettes, however, reduced the number of plants that matured 
to 23. These were all Franciscana-like as rosettes, in foliage, buds, 
and capsules, and in having red papillae. The flower size was generally 
smaller than that of Franciscana and the leaves were frequently larger; 
g plants were quite indistinguishable from Franciscana. A single nar- 
row-leaved dwarf was present. 


(h) Iterative, (biennisX< Franciscana E) X Franciscana E, culture 15.69 
This cross furnished another example of an earth-sown culture giving 
a germination equal to the test in a Petri dish. Sowings of 177 seeds 
after 814 weeks resulted in 99 seedlings, germination 56 percent; about 
300 seed-like structures in a Petri dish gave 171 seedlings, germination 
57 percent. There matured 96 plants all Franciscana-like as rosettes, 
in foliage, in buds, and in having red papillae, but the flower size was 
generally smaller than that of Franciscana and the stigma frequently 
occupied a somewhat lower position; 11 plants were in all respects 
Franciscana-like. The cross then reproduced essentially the characters 
exhibited by the iterative biennis  (biennis * Franciscana E), and 
like the latter consisted of exceptionally vigorous plants frequently 
larger-leaved than the parent which it so closely resembled in its vegeta- 
tive characters. Dwarfs were represented by 1 narrow-leaved plant. 


(i) Iterative, Franciscana EX (Franciscana EX biennis), culture 15.66 
A sowing of 263 seeds from one capsule in earth gave after 8% 
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weeks 126 seedlings, germination 48 percent; experimentally tested, 741 
seeds gave 581 seedlings, germination 78 percent. The presence of 
6 etiolated rosettes which died, together with further mortality, reduced 
the number of plants that matured to 111; of these all agreed in having 
red papillae on the stems. In other respects the culture presented wide 
divergence of types; 17 plants had foliage, bud tips and capsules biennis- 
like, and of these, 3 plants bore flowers of the size and form of biennis, 
7 were intermediate between the parents, and 7 had flowers similar to 
those of Franciscana; 94 plants were Franciscana-like in foliage, bud 
tips and capsules, but of these only 26 had flowers with the size and 
form of Franciscana, 63 presenting flowers intermediate in structure, 
4 essentially duplicating the flower type of biennits and 1 plant present- 
ing smaller petals (1.4 cm). Thus none of the segregates fully repre- 
sented biennis, since all had red papillae, but 26 were of the Franciscana 
type. 


(j) Iterative, (Franciscana E X biennis) X biennis, culture 15.63 

This cross resembled biennis in all respects except that the stems all 
bore the red papillae of Franciscana and the capsules, uniformly longer, 
were similar to those of the latter parent. From 206 seeds, contents 
of 2 capsules, sown in earth 100 seedlings appeared after 814 weeks, 
germination 48.5 percent; in a Petri dish 238 seeds gave 188 seedlings, 
germination 79 percent. Only 45 plants grew to maturity, there being 
40 etiolated dwarf rosettes which died and other plants which either 
remained as rosettes or failed to survive the summer. Of the 45 rosettes 
which sent up shoots 34 were biennis-like and the remainder had larger 
and more crinkled leaves somewhat as in Lamarckiana. The culture 
at maturity was remarkably uniform and biennis-like in foliage, buds, 
flower size and structure, but as noted above showed the red papillae 
of Franciscana together with Franciscana-like capsules (2.7-3 cm long). 


(k) Remarks 


The surprising feature of the double reciprocals, sesquireciprocals and 
iterative hybrids involving biennis and Franciscana E is the much 
greater variety of segregation exhibited as contrasted with that known 
for similar hybrids in which biennis and muricata are concerned. It is 
impossible to express the facts in simple formulae, but the most striking 
features are presented below. 
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Type I, biennis-like except for red papillae (11 
(bX<f)X(fXb)\plants). Type I, Franciscana-like in red papillae, 
foliage and buds, but various as to flower form and 
size (40 plants). 
Double reciprocal - - Seip TS AAaaS ea 
| Type I, biennis-like except for red papillae and large 
(fb) x (DXF) flowers (1 plant). Type II, generally Franciscana- 
like in red papillae, foliage and buds, but various as 
to flower form and size (62 plants). 


Type I, biennis-like in all respects (11 plants). Type 
bx (fXb) II, Franciscana-like in red papillae, foliage and buds, 
but with flowers similar to biennis (12 plants). 





(bX<f) Xb Biennis-like except for red papillae and longer cap- 
sules (40 plants). 


Sesquireciprocal Franciscana-like except for wide variation in flower 
fX (xf) size and form, most of the plants in this respect 
approaching biennis (90 plants). 


Type I, biennis-like (1 plant). Type II, Franciscana- 
(fXb)xXf like in red papillae, foliage and buds, but various 
as to flower form and size (36 plants). 





bX (bXf) Franciscana-like except that flowers were generally 
smaller (23 plants). 


(bXf) Xf Franciscana-like except that flowers were generally 
smaller (96 plants). 


Type I, biennis-like except for red papillae and flow- 
Iterative ers various in form and size (17 plants). Type II, 
*X (fXb) Franciscana-like in red papillae, foliage, buds, 
and capsules, but various as to flower form and size 
(94 plants). 


Biennis-like except for red papillae and longer cap- 
(fXb)Xb  |sules (45 plants). A group of 40 etiolated dwarf 
|rosettes died early. 





Comparison of these data with those given for the same crosses between 
biennis and muricata (page 169) will show at a glance how much more 
involved are the facts and how impossible it is to bring the conclusions 
into line with the simple formulae which pE Vries offers for the hybrids 
between biennis and muricata. Does this more extensive segregation 
depend upon fundamental differences between the parent types, Fran- 
ciscana and muricata? I venture to believe that it probably does not 
but that the much greater seed sterility of the biennis-muricata crosses 
masks a similar degree of segregation which has not been expressed in 
the small cultures so far obtained and may never be expressed because 
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of the extraordinary mortality among the gametes and zygotes of these 
hybrids. 

To bring out clearly the greater degree of fertility in the biennis- 
Franciscana crosses I have prepared a statement, table 2, of my data 
on seed germination arranged so that it may be readily compared with 
table 1 which gives my data for the same crosses between biennis and 
muricata. It will be easily seen that the germination percentages of 
the biennis-Franciscana crosses are in general very much higher than 
those for the hybrids involving biennis and muricata. Thus the double 
reciprocal (bf) (fb) in earth gave a germination of 23.8 percent 
while that of (bm) X(m Xb) was II percent; the sesquireciprocal 
(bx<f)Xb 29 percent and (bXm)xXb 9g percent; the iteratives 
bX (bxXf) 37 percent and bx (bXm) 4.5 percent; (bf) xf 56 per- 
cent and (bXm) Xm 0.9 percent; fX(fXb) 48 percent and mx (m Xb) 
25.7 percent; (fb) Xb 48 percent and (mXb) Xb 21.6 percent. 

The table also shows some of the striking gains in percentage when 
seeds are germinated in Petri dishes; compare 15.62 with *15.62, 15.63 
with *15.63, 15.64 with *15.64, 15.65 with *15.65, 15.66 with *15.66 
and 15.70 with *15.70. In certain cases the germination in the Petri 
dishes was not so large as the germination in the earth; compare 15.68 
with *15.68, and 15.38 with *15.38. Of especial interest is the com- 
parison of 15.37 with *15.37 and 15.38 with *15.38 for the pans con- 
taining the earth-sown seeds were in these cultures kept for 16 months 
and the last seedlings appeared as late as 13 and 11 months after the 
sowing while 8% and 3% weeks respectively brought a complete germi- 
nation in the Petri dishes. 

In the segregation displayed by the crosses between biennis and Fran- 
ciscana the following close correlations of characters were quite as con- 
spicuous as the correlations displayed in the biennis-muricata crosses. 
(1) Plants biennis-like in all respects were found in the sesquireciprocals 
bxX(fXb) and (fXb)Xf. (2) Biennis-like classes, except for red 
papillae, were present in both double reciprocals, in the sesquireciprocal 
(bXf) Xb, and in the iteratives fX(fXb) and (fXb)xXb. (3) Plante 
Franciscana-like in red papillae, foliage and buds, constituted the entire 
cultures of the sesquireciprocal fx<(bXf), and of the iteratives 
bxX(bXf) and (bf) Xf, and appeared as classes in the double re- 
ciprocals, the sesquireciprocals bx (fb) and (fXb)Xf, and in the 
iteratives fX(fXb) and (fXb) Xb. In view of the imperfect germina- 
tion in these earth-sown cultures I do not believe that the data give all 
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TABLE 2 
Seed germination in crosses involving Oenothera biennis and Ce. Franciscana 














| ; l Percent; 

Culture | Cross Seeds Sown Seed- | of ger- | Duration of 
sown in lings — experiment 

15.62 |Double reciprocal (bf) (fXb) 302 Earth | 72 23.8 9 weeks 

*15.62 | Double reciprocal (bx<f) (fXb) 657 | Petri dish | 342 | 52 10 weeks 
15.61 |Double reciprocal (fXb) x (bXf) 243 Earth 73 30 8% weeks 

*15.61 |Double reciprocal (fb) x (bxf) 109 ©Petri dish | 39 34 8 weeks 
15.64 |Sesquireciprocal bx (fXb) 151 Boras | ay | a 8S’ weeks 

*15.64 |Sesquireciprocal bx (fXb) 432 Petri dish | 323 75 > weeks 
15.67 |Sesquireciprocal (bxf) xb 159 Earth 46 20 84 weeks 

*15.67 |Sesquireciprocal (bf) xb 593 Petri dish | 193 32 > weeks 
15.70 |Sesquireciprocal fx (bx<f) 248 Earth 124 50 814 weeks 

*15.70 |Sesquireciprocal fx (bf) 603 Petri dish |; 533 | &8 4 weeks 
15.65 |Sesquireciprocal (fXb) Xf 154 Earth 41 26 8% weeks 

*15.65 |Sesquireciprocal (fxb) xf 220 Petri dish | 100 45 10 weeks 
15.68 |Iterative bx (bXf) 108 Earth 40 | 37 814 weeks 

*15.68 [Iterative bX (bX<f) 145 Petri dish | 45 | 31 10 weeks 
15.69 |Iterative (bf) xf 177 Earth 9 | 5 84 weeks 

*15.69 |Iterative (bxXf)x<f 300 , Petri dish | 171 57 10 ~weeks 
15.66 |Iterative fx (fXb) 263 Earth 126 | 48 8% weeks 

*15.66 |Iterative fx (fXb) 741 | Petri dish | 581 | 7 10 weeks 
15.63 |Iterative (fXb)xb 206 Earth 100 | 48 814 weeks 

*15.63 |Iterative (fXb) xb 238 | Petri dish | 188 | 79 8 weeks 
15.37. |F., Franciscana E X biennis 306 Earth 195 | 49 16 months 

*15.37 |F., Franciscana E X biennis 982 | Petri dish | 513 | 52 8 weeks 
15.38 |F., biennis & Franciscana E 367 | Earth 250 | 68 16 months 

*15.38 |F., biennis X Franciscana E 562 | Petri dish | 322 | 57 3% weeks 
14.51 |F., Franciscana B X biennis 819 Earth 402 49 II weeks 

15.51 lF., Franciscana B X biennis o21 | Petri dish | 761 82.6 3% weeks 

15.52 |F., biennis X Franciscana B 623 | Petri dish | 438 | 70 3% weeks 

15.46 |F,, Franciscana E X biennis | goss | Petri dish | 875 | 01.6 5 weeks 

15.47 |F,, biennis & Franciscana E 510 | Petri dish | 430 | 8% 9 weeks 

13.35 |F,, Franciscana B X biennis 652 Earth s6 | sO 4-7 weeks 

15.44 |F,, Franciscana B X biennis 636 | Petri dish | 606 | 95 5% weeks 

13.360 |F,, biennis & Franciscana B | 381 Earth 167 | 438 6-7 weeks 

15.45. |F,, biennis & Franciscana B 440 | Petri dish | 304 | 69 6 weeks 


of the possibilities of the viable seeds, but, such as they are, the records 
show a remarkable degree of linkage between certain characters. 

I have throughout emphasized the fact that the characters of the 
rosettes, foliage, bud tips, capsules, and stem coloration (papillae either 
red or green) generally segregate clearly towards one or the other of 
the parents. There is, however, considerable variation in the size of 
organs, a variation extremely difficult to classify and probably subject 
to much fluctuation. Flower structure presented itself in a wide range 
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of size and relationships of anthers to stigmas, giving much less fre- 
quently conditions resembling the parents. Plants with red papillae 
were much more numerous than green-stemmed plants which were 
found only in the sesquireciprocals bx (fb) and (fXb)Xf where 
these plants in other respects were biennis-like. The plants of other 
crosses, biennis-like in all other respects, had red papillae. It is curious 
that in the sesquireciprocal bx (fb) the green-stemmed plants (11) 
were almost equal in number to those with red papillae (12), but the 
germination was only 17 percent in the earth-sown cultures while the 
tests in the Petri dish showed 75 percent of viable seeds. 


HYBRIDS INVOLVING OENOTHERA BIENNIS°L. AND OE. GRANDIFLORA SOLANDER 


[ am able to report only on the double reciprocals of the crosses be- 
tween Oenothera biennis and Oe. grandiflora, the parent reciprocals 
being plants of the cultures (12.48 and 12.49) described in my paper 
of 1914, pp. 192-196, where will also be found a description of the race 
grandiflora D. The F, reciprocal crosses resembled the pollen parent 
and were consequently patroclinous (1) in the morphology of the 
rosettes and in the relative promptness with which the rosettes sent up 
their central shoots, (2) in the height and branching habit of the mature 
plants, (3) in the form of the leaves, (4) in the morphology ox the 
inflorescence, (5) in the position of the stigma relative to the anthers, 
(6) in the time of flowering, (7) in the length of the capsules. Never- 
theless, here as in other reciprocal crosses I failed to find certain evi- 
dence that any character of the pollen parent appeared in the F, hybrids 
in absolutely unmodified form; a matroclinous tendency was exhibited 
in the form of the sepal tips. 

There will also be given a brief description of cultures in the F. from 
the F, plants, 12.48a, grandiflora D X biennis, and 12.49a, biennis 
grandiflora D, which were the parents of the double reciprocals. This 
account is of considerable interest when taken in relation to the low 


percentage of germination obtained. 


(a) Double reciprocal, (biennis & grandiflora D) X (grandiflora D 
 biennts), culture 13.44 

From a sowing in earth of 221 seeds, contents of 1 capsule, there 

appeared after 7% weeks 98 seedlings, a germination of 44 percent. 


About % of the seedlings presented cotyledons partly or wholly etiolated 


and from among these a group of 30 weak dwarfs developed with a 
very short abortive root system and a close cluster of narrow leaves, 
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Ficure 6.—A dwarf type from the F, of grandiflora D X biennis, culture 13.41, and 
represented also in the F, of biennis & grandiflora D, culture 13.42, and in thé two 
double reciprocals, cultures 13.43 and 13.44. Rosettes a close cluster of narrow leaves 
generally somewhat etiolated and not more than 1—2 cm long, a very short abortive 
root system. 


generally somewhat etiolated and mostly not more than 1-2 cm long 
(fig. 6). Many of these dwarfs promptly died and none grew suffi- 
ciently large to plant in the garden. There were set out 68 plants which 
as rosettes presented a varied assortment some tending towards the 
biennis and some towards the grandiflora parent; about 15 of these were 
more or less etiolated but later outgrew this peculiarity. As the culture 
approached maturity 21 plants exhibited a foliage, habit, and bud tips 
similar to biennis but were much taller plants (1.3-1.5 m high). The 
remaining 47 plants had narrow leaves intermediate between the parents 
and none so narrow as those of grandiflora D. The flowers exhibited 
a wide range, some being as small as those of biennis and with a similar 
position of the stigma at or below the level of the anther tips, others 
being large and with the stigma well beyond the anther tips as in grandi- 
flora D. No correlations were discovered between the flower size and 
other features of morphology. The culture, therefore, was very far 
from uniform and showed abundant evidence of segregation. Its com- 
position could not be expressed by the formula (bg) (gXb) = 

which would be the analogue of the formula (bm) x (mXb)=b 
given by DE Vries for the same type of double reciprocal involving 
biennis and muricata. In the latter cross the percentage of viable seeds 
is much lower, a fact which suggests that high seed sterility or delayed 
germination is responsible for the uniform results obtained by DE VRres. 
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(b) Double reciprocal, (grandiflora D X biennis) XK (biennis & grandi- 
flora D), culture 13.43 
A sowing of 217 seeds in earth, from 1 capsule, gave after 7/2 weeks 


104 seedlings, a germination of 47.9 percent. A class of 33 dwarfs 
appeared with very short narrow leaves (fig. 6) exactly similar to those 
in the other double reciprocal (culture 13.44) described above; these 
likewise were too weak to set out in the garden. There were developed 
71 vigorous rosettes fairly uniform and intermediate between the parents 
but resembling grandiflora more than biennis especially since they 
showed extensive anthocyan coloration. At maturity the culture con- 
tained 19 plants similar in general morphology to biennis but with the 
anthocyan coloration of grandiflora; the other 52 plants had narrower 
leaves, but not so narrow as those of grandiflora, and all showed red 
coloration in spots and patches sometimes covering the greater part of 
the leaves. As in the other double reciprocal the flowers varied widely 
but were mostly of the size of biennis and with a similar position of 
the stigma; a few plants had large flowers of a structure similar to that 
of grandiflora. 

The culture therefore as a whole was clearly intermediate between 
the parent species in all of its morphological features but had the 
anthocyan coloration of grandiflora. Such extreme types as were pres- 
ent had the appearance of segregates. Few plants were sufficiently sim- 
ilar to grandiflora to justify the expression of their characters whether 
of foliage, habit or flowers by the formula (gb) (bg) —4g. 

(c) The F, generation, grandiflora D X biennis, culture 13.41 

The second generation from plant 12.48a, F, grandiflora D X biennis, 
consisted of 96 plants as the result of a sowing in earth of 459 seeds 
from 7 capsules, pans kept for 612-8 weeks, a germination of 20.9 per- 
cent. A class of dwarfs (fig. 6) appeared consisting of 22 plants iden- 
tical with those described for the double reciprocals and these likewise 
were 100 weak to live in the garden. There were brought to maturity 74 
plants constituting a remarkably uniform assemblage similar to the parent 
I’, hybrid type described for culture 12.48 (Davis 1914, 193-195). Ex- 
cept for this class of dwarfs there was therefore little evidence of varia- 
tion in the culture as represented by this small germination of 20.9 
percent. In view of my experience with the F, generation of the cross 
Franciscana X biennis (Davis 1916), where segregation was conspic- 
uous after complete germination, experimentally induced, of 52 percent. 
I must believe that the uniformity of the healthy plants in this culture 
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of grandiflora X biennis in the F, simply means that delayed germina- 
tion prevented the appearance of more varied types. 
(d) The F, generation, biennis & grandiflora D, culture 13.42 

The sowing of 672 seeds from 8 capsules, in earth, parent plant 12.494 
F, biennis & grandiflora D, gave after 614-8 weeks 59 plants, a germina- 
tion of 8.7 percent. Of these plants 11 were dwarfs of the type 
present in the cultures of the double reciprocals, and in the F, from 
grandiflora D X biennis; they also died early. This left a culture of 
48 plants which matured and these were uniform and similar to the 
parent F, hybrid type described for culture 12.49 (Davis 1914, pp. 193- 
195). A seed germination as low as 8.7 percent indicates that the cul- 
ture must have been very far from representative of the possibilities 
of the viable seeds and suggests delayed germination as the reason why 
there was no greater variation in the culture. 

(e) Remarks 

One of the most interesting features of these crosses involving biennts 
and grandiflora D has been the constant appearance of the same char- 
acteristic dwarfs in the relatively large proportions of 18.6-31.7 percent 
of the totals in the cultures. These are large proportions although the 
figures can have no genetical significance in view of the low and evi- 
dently incomplete germinations obtained from these earth-sown seeds. 
It is perhaps possible that these peculiar dwarfs with their numerous 
small leaves and abortive roots (fig. 6) are diseased plants, yet their 
comparatively uniform structure and large numbers would suggest a 
genetical reason for their presence. There would seem to me to be every 
probability that cultures of these and other crosses in which biennis 
and grandiflora are concerned would show either unmistakable segrega- 
tion where germination is experimentally forced to completion, or de- 
grees of sterility that would account for missing classes. 


HYBRIDS INVOLVING OENOTHERA MURICATA L. AND OE. GIGAS DE VRIES 


These crosses offer some very interesting problems in cytology and 
sterility upon which I hope later to make a report. Cultures of the F, 
hybrids in my experience (Davis 1914, pp. 197-203) have given similar 
reciprocals as far as the larger plants were concerned, but narrow- 
leaved forms are frequently present in the cross muricata X gigas, a 
fact noted also by DE VRIES (1913, p. 181). The F, of muricata & gigas 
is not difficult to obtain; germinations in a Petri dish from the contents 
of 4 capsules (culture 16.30) gave after 5 weeks 11 seedlings and a 
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residue of 11 large empty seeds, 3 seeds with contents, and a large 
amount of abortive structures grading into ovule powder. The recipro- 
cal cross gigas  muricata yielded an extraordinarily small harvest of 
viable seeds; the contents of 3 capsules (culture 16.29) gave after 5 
weeks in a Petri dish 1 seedling and a residue of 230 large empty seed- 
like structures. The F, hybrids have with one culture excepted (Davis 
1914, p. 197) proved to be self-sterile both in my experience and in 
that of DE Vries. I have made in the past 5 years (1912-1916) 237 
attempts to self muricata X gigas and 102 attempts to self gigas 
muricata, all failures. The experiments of 1913, consisting of 75 trials 
on m X g and 30 trials on g X m, were with plants heavily fertilized 
with bone meal, 1 kilogram to the square meter. The behavior of the 
inter- and back-crosses as far as I have studied them is given below. 


(a and b) Double reciprocals 
During two seasons (1912, 1916) I have attempted 47 times to make 
the cross (gXm)X(mXg) and 61 times to make the reverse double 
reciprocal (mg) X (gm) but without results. The hand-pollinated 
flowers failed to develop a single capsule. 


(c) Sesquireciprocal, gigas X (muricata X gigas) 
Pollinations of gigas from the F, muricata X gigas, in all 27 opera- 
tions (1915, 1916), produced no capsules. 


(d) Sesquireciprocal, (gigas X muricata) X gigas, culture 17.33 

Pollinations in 1916 have given medium-sized capsules well filled with 
seed-like structures. A culture at date, March 1917, from the contents 
of 8 capsules in Petri dish presented after 6 weeks 74 seedlings, a germi- 
nation of about 50 percent. The young rosettes show a wide range of 
variation and it is probable that the mature culture will exhibit a behavior 


similar to that described for the iterative (muricataX gigas) X gigas. 


(e) Sesquireciprocal, muricata & (gigas K muricata) 


No capsules were produced by this cross, 19 attempts in 1916. 


(£) Sesquireciprocal, (muricata X gigas) X muricata, culture 16.32 

This cross, 43 trials (1915, 1916), has always yielded full capsules 
with numerous seed-like structures. Sowings of the contents of 6 cap- 
sules in Petri dishes gave in 7-8 weeks 26 seedlings, the residue con- 
sisting of 538 empty seeds and 16 with contents; there were also some 


empty abortive structures and much ovule powder. The germination, 
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therefore, was very poor, 4.3 percent. The seedlings set in the earth 
developed no green in their cotyledons and died after 2 or 3 weeks. 


(g) Iterative, gigas K (gigas * muricata) 


This cross produced no capsules, 9 trials in 1916. 


(h) Iterative, (gigas X muricata) X muricata, culture 17.34 

Pollinations in 1916 gave medium-sized capsules well filled with 
seed-like structures. Only 2 seedlings appeared in a Petri dish 
culture after 6 weeks, March 1917, from the contents of 10 capsules, 
about 310 seed-like structures. The germination was therefore extremely 
low, .64 percent. The 2 seedlings developed no green in their coty- 
ledons and promptly died, thus presenting a behavior similar to that 
of the sesquireciprocal (muricata & gigas) X muricata. 

(i) Iterative, muricata XX (muricata X* gigas) 

Pollinations of muricata from the F, muricata * gigas as in the case 
of the back-cross to the other parent, gx (m>Xg), were fruitless; 61 
attempts (1915, 1916) gave no capsules. 


s 


(j) Iterative, (muricata * gigas) X gigas, culture 16.31 

This cross, 56 trials (1915, 1916), always gave well developed cap- 
sules with large seeds. From the contents of 3 capsules in a Petri dish 
there developed after 6 weeks 37 seedlings leaving a residue of 44 empty 
seeds, 9 seeds with contents, and numerous abortive structures grading 
into a large amount of ovule powder, a germination of 41 percent. Of 
the seedlings 36 survived giving a most varied assemblage of plants 
hardly two of which were alike. This culture was one of the most 
interesting that I have ever observed among hybrids of Oenothera. 
Evidently there is a very remarkable range in the structure of the female 
gametes of the F, muricata & gigas and extended genetical and cyto- 
logical studies of this back-cross with the gigas parent should prove of 
exceptional interest. 


(k) These crosses involving muricata and gigas so bristle with prob- 
lems of sterility that discussion of our present data would not be justi- 
fied. Since the gigas parent with 28 chromosomes has double the number 
present in muricata, and the F, hybrids are therefore triploid, we may 
with reason expect that some of the surprising results described above 
are bound up with irregularities of chromosome distribution. 
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SUMMARY 


1. Data is presented in tables 1 and 2 showing the extent of delayed 
germination in earth-sown cultures as contrasted with the germination 
forced to completion under experimental conditions. It is not probable 
that the cultures here described, being from earth-sown seed, properly 
represented the possibilities of the viable seeds even though the pans 
were generally kept for at least 6 weeks. 

2. The experimental tests of seed germination in Petri dishes showed 
some remarkably high degrees of seed sterility especially in the crosses 
involving biennis and muricata (table 1). 

3. Some new types are added to the forms reported by DE Vries for 
the inter- and back-crosses of the F, hybrids between biennis and muri- 
cata (page 169). The view is held by the writer that the relatively 
few types described among these hybrids represent a limited number 
of classes or segregates able to survive the extraordinarily high mor- 
tality among the gametes and zygotes. 

4. A much greater variety of forms is found among the inter- and 
back-crosses of the F, hybrids between biennis and Franciscana where 
the amount of seed sterility is much less than in the crosses involving 
biennis and muricata, and this range of forms is interpreted as segre- 
gation. 

5. The results for double reciprocals from F, hybrids of biennis and 
grandiflora also indicate a segregation of factors. Segregation in the 
F, generations from the same F, hybrid plants employed in making 
the double reciprocals was apparently masked by the low percentages 
of germination obtained from the earth-sown seeds. The presence of 
a remarkable class of dwarfs (fig. 6) was noted in all of these cultures. 

6. Data on crosses involving muricata and gigas expose remarkable 
situations with problems of sterility in the foreground. 

7. Remarkable linkage or correlations of characters were recorded 
especially for crosses in which biennis and Franciscana are concerned. 

8. It appears to the writer doubtful whether the formulae presented 
by pe Vries for the behavior of the inter- and back-crosses of the F, 
hybrids between biennis and muricata express a fundamental law. It 
seems more probable that the results of the formulae represent particular 
classes among a much larger number which either through delayed 
germination have not appeared in earth-sown cultures or through high 
degrees of sterility, both gametic and zygotic, are eliminated. 
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INTRODUCTORY 

In a paper appearing in an earlier number of Genetics, I outlined 
(Harris 1916) the attempts which have hitherto been made to solve 
certain of the problems of the correlation between morphological and 
physiological characters by the application of quantitative methods to 
data from plant organisms, and gave series of measurements of degree 
of development in normal and variant seedlings. In this paper, I shall 
present the results of the analysis of 16 series of data for fertility in 
pods of the garden bean. These are supplementary to 53 series already 
published (Harris 1912 a). 

While the nature of the problem is fully discussed in the memoir 
just cited, a simple explanation will serve the reader’s convenience. 

Externally a bean or pea pod is seen to have two sutures, the dorsal 
and the ventral. The pod splits most easily along the ventral suture 
and shows the seeds and the ovules which have ceased development at 
an early stage to be attached to the two margins just freed by the split- 
ting. These two margins were free in the earlier stages of development. 
The pod may, therefore, be looked upon as a plate of tissue folded along 
the dorsal suture about which it is symmetrical or asymmetrical in: re- 
spect of the number of ovules laid down upon its two margins. If the 
number be odd (3, 5, 7, etc.) the plate must have one ovule, at least, 
more on one side than on the other. If the number be even, the organ 
is most probably symmetrical, for an asymmetrical disposition of the 
ovules with respect of the central axis could only result from an excess 
of two ovules on one margin. 

If the reader feels inclined to inquire why the discussions of the prob- 
lem of the relationship of asymmetry and physiological capacity was 


1 Studies on the correlation between morphological and physiological characters. II. 
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not carried out on materials in which the degree of asymmetry could 
be expressed on a definite quantitative scale, the answer is very simple. 
Such measures are very difficult to secure. This is also true of any 
measure of physiological differentiation. Because of the slightness of 
variations in these characters and the reasonableness of supposing any 
relationship between them to be of a low order of magnitude, the num- 
ber of measurements upon which any conclusion could be based would 
of necessity be very large indeed. Under these circumstances, it seems 
most desirable in preliminary work to use observations collected pri- 
marily for other purposes. Such data are available for a relatively large 
number (about a quarter of a million) of pods of garden beans, grown 
and counted in various genetical studies. Had the analysis of such 
available materials indicated the absence of any relationship between 
asymmetry and fecundity, it would be idle to urge the laborious col- 
lection of more accurately measured data for the specific purposes of 
the present problem. In view of the results which we have secured in 
the preliminary analysis of those collected incidentally, the justification 
of further studies of the same kind is quite clear. 


MATERIALS AND METHODS 

The first study of fertility in Phaseolus involved the pods secured in 
53 cultures of dwarf varieties of garden beans, grown under a wide 
range of conditions in Kansas, Missouri, Ohio, and on Long Island. 

The most comprehensive description of these materials is found in 
a memoir upon the influence of the starvation of the ascendants upon 
the -characteristics of the descendants, but other information may be 
secured from a bibliography published elsewhere (Harris 1914). 

The present investigation is based upon a lot of pods derived from 
16 cultures, comprising 4 varieties, made on the grounds of the STATION 
FOR EXPERIMENTAL EVOLUTION in 1912. These were grown in the 
same field, hence under conditions of a high degree of uniformity as 
compared with the first 53 cultures. Details concerning the experi- 
mental conditions of this culture will eventually be published elsewhere. 
The ancestry of the plants and the history of the strains prior to 1912 
may be obtained by substituting T for C in the formulae by which the 
cultures are designated, and referring to an earlier paper (HARRIS 
IgI2b). 

The countings of number of ovules and seeds were made with great 
care by Miss EpNa Lockwoop, Miss MARGARET GavIN and Miss LILuie 
Gavin, all of whom have had several years’ experience in work of this 
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kind. This phase of the work was, I believe, carried out with greater 
accuracy than in our preceding series. That the results are altogether 
trustworthy cannot be urged. The determination of the number of 
abortive ovules is not always an easy task, and the boundary line be- 
tween an abortive ovule and a perfectly developed seed is in many cases 
a purely arbitrary one. There are clear evidences of the existence of 
personal equation in the countings. 

The data are, I believe, quite as accurate (at least) as those upon 
which genetic conclusions are generally based. They are the best we 
have been able to obtain up to the present, and have been secured and 
reduced at the cost of an enormous amount of labor. Until they can 
be replaced by others demonstrably superior, they may serve their pur- 
pose in indicating the nature of certain very obscure relationships. The 
closeness of agreement of the new data here presented with those due 
chiefly to other observers is one of the strongest evidences for a degree 
of accuracy sufficient for present requirements. 

The correlation surfaces for number of ovules and number of seeds 
per pod are shown in the accompanying tables. 
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Two methods of comparing the capacity for seed production of asym- 
metrical (“‘odd”) and probably symmetrical (“even”) pods have been 
employed. First, the simple ratios of the total number of seeds matured 
to the total number of ovules laid down has been computed for both 
types of pod. In comparison, F, — F, gives the sign and the magnitude 
of the difference in the two coefficients of fertility. Thus for series 
NHHHT the results are: 


For “odd” pods, total ovules = 18692, 
total seeds = 14804, 
14804/18692 =.79199 = F, 
For “even” pods, total ovules = 25986, 
total seeds = 20885, 
20885 /25986 —=.80370 = F, 
F,—F, = .79199—.80370 = —.O1171 


Second, the average deviations of the empirical mean number of seeds 
matured for each number of ovules formed per pod from the theoretical 
mean number due to a regression equation based on the whole popula- 
tion has been computed for both “odd” and “even” pods, as they will 
be called for the sake of convenience. 

The only problem to be solved in the use of this method is the selec- 


tion of the regression equation to be employed. Because of its very 
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general validity and the ease with which it may be computed, the 


straight line equation 


i i= 
$= (S—1op — 0) + Tee 


os 
—o 


Co 


GO, 0 


where the bars denote means and the sigmas the standard deviations 
of the two variables, 0 = ovules and s = seeds per pod whose correla- 


tion is measured by r, must first be tested. 


As in the first paper, the linear equation is the only one used. 
To meet the possibility that there may be geneticists unfamiliar with 
the arithmetical processes employed, they may be illustrated on series 


NHHHT. 


The correlation coefficients may be most advantageously determined 
by a method giving the total number of seeds produced by pods of each 
ovule grade (Harris 1910). 





N = 7429, 


For ovules: 
=(0) = 44678, 
> 


(0?) = 272726, 


For seeds: 
= (5) = 35089, 
=(s*) == 183703, 


Whence 


=( os) /N—os 





Thus: 
Ovules Number Total seeds 
per pod of pods in pods 
a 5 3 
4 III 364 
5 1488 6085 
6 4109 19865 
7 1604 8698 
8 III 656 
9 | I 8 
=(os) == 217316, =(os)/N 
3 
=(0)/N = 6.013998, 
(0?) /N = 36.710992, 
x(s)/N = 4.804010 
(5s?) /N = 24.727819, 


By == .542820 
0, = .736763 


Hy == 1.649307 
o, = 1.284253 


29.252385—6.01 3998 X 4.804010 








Yos 
O, Fy 





.730763 X 1.284253 


In terms of regression we have 
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‘ Tc Cc 
$s =(s—r—o)+r—o 
c,, c 


0 


= .381613 
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or, substituting constants, 


1.284253 
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S$ (= 4.804010 — .381613 6.013988) + .381613 — : 
-736763 ~ .736763 
the final result is 
§ = .803558 + .665190 o 
For the calculation of 7 we have 
SS a : 
Ovules Number - } —_- - 
per pod of pods 5 —s (s —s) 
3 5 —2.20401 4.85766 
4 III —1.52473 2.32480 
5 1488 — .71463 .5 1069 
6 4109 + .03050 .00093 
4 1604 + .61868 .38277 
8 III +-1.10590 1.22301 
9 I + 3.19599 10.21435 
s [2,(s,—s)?] 1806.0007 3 
7 $ [2 .(S,—S)? ]/ .243101 3839 
- > 7 Cc 
a,” 1.649307 ’ om 
BLAKEMAN’S (1906) test is given by 
n°? —7r? = 001767, V n?—r? V £ = .042043 
whence 
Veo 
: 2.686 
X1 


Calculating the theoretical or smoothed means from 


equations 


§ = .803558 + .665190 o 


and comparing with the empirical means 





Ovules Number Average 
per pod of pods seeds 
| $. 
3 5 2.60000 
4 Ill 3.27928 
5 1488 4.08938 
6 4109 4.83451 
7 1604 5.42269 
8 III 5.90991 
9 I 8.00000 








the 





regression 





average 
seeds 


2.79913 
3.46432 
4.12951 
4.79470 
5.45989 
6.12508 
6.79027 





Calculated 


Avera 


ge seeds 


less calculated 
average seeds 








19913 
.18504 
.04013 
03981 
03720 


21517 


2097 3 
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Summing the product of the deviations of these empirical means from 
the theoretical straight lines due to the equations by the numbers of pods 
upon which they are based, I find 
For even pods, +119.16031, 
For odd pods, —119.15566, 
or since there are 3098 odd pods the mean deviation of the asymmetrical 
class is 
—.0384 
RESULTS 

The accompanying table contains the fundamental constants upon 
which discussions must be based. 

The magnitude of the relationship between the number of ovules 
formed and the number of seeds developing per pod is shown by the 
correlation coefficients in the first column, by the correlation ratios in 
the second column, and by the second constant of the regression straight 
line equations in the fourth column following the key letters. The 
closeness of agreement of the several series is shown by the regression 
lines which have been drawn for all the series in diagram I. 

Consider first of all the nature of the change in the mean number of 
seeds matured per pod associated with variations in the number of 
ovules per pod. 

The distribution of the empirical means around the regression straight 
line is shown for four of the series in diagram 2. 

The ratio of $Y ¢ of BLAKEMAN’s test for linearity (BLAKEMAN 
1906) to the x, of Miss Grsson’s tables (1906) appears in the third 
column of the table. 

To be considered as indicating strictly linear regression, i.e., a uni- 
form rate of change in mean number of seeds per pod, the value of 
4 y ¢/-x, should not exceed 2.5. The entries in the third column 
show that it does as a matter of fact exceed this value in 13 out of the 
16 cases. 

Thus regression cannot, by formal tests, be considered linear. Two 
points must, however, be taken into account. First, if there be a rela- 
tionship between the bilateral asymmetry of the ovary and its capacity 
for maturing its ovules into seeds, strictly linear regression cannot ob- 
tain. Second, one single type of equation is desirable for comparative 
at least, for those of a preliminary nature. Since the straight 





studies, 
line equation was the one employed in the first series of determinations 
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it seems desirable to use it here as well, especially in view of the fact 
that it is not yet demonstrated that any other single equation would 
prove more effective in smoothing the empirical means.* 

Turn now to the two measures of the capacity of the two types of 
pods for seed production. These are given in the two final columns 
of the table. 

In presenting these results I shall first give those derived from the 
sixteen new experiments, here presented for the first time. I shall then 
combine with these the fifty-three series already published. Thus the 
present paper not only forms a contribution of a large mass of new 
material, but summarizes the whole of the available data. 

Considering the signs only of the constants measuring the relationship 
between asymmetry and capacity for seed production, it is clear that 
with a single exception the regression line method indicates lower fer- 
tility in the asymmetrical pods. The results are not so concordant in 
the case of the method of differences in coefficients of fertility, for here 
5 out of the 16 series show a lower fecundity in the more symmetrical 
class of pods. 


2? The actual data are published and at the disposal of anyone who feels inclined 
to fit regression curves of a higher order. Personally, I feel that the time required 
would be better employed on the biological rather than the statistical side of the 
problem. 


Coefficient of, Correlation ee Mean 
Series correlation, ratio, a. Regression equation | deviation FoF 

r n Xi of odd 
HHT 4177 .4195 1.787 s L 3863-+.7301 o —.0421 —.01281 
HHHT 3816 .3839 2.686 § 1 8035-+.6651 o —.0384 —.O1I7I 
HDT 3818 3873 1.919 1. 8884+.6373 o —.0882 —.02558 
HDDT 3624 .3657 2.806 s |. .9608-+.6413 0 —.0304 —.00909 
DDT 3814 3825 7.142 § 1. .5519+.7112 o +.0274 -+-.01290 
DDDT .3677 .4466 II.12C 5 1 .7797+.6712 0 —.0665 —.01408 
DHT .3307 3435 3.462 $ 1-7. 1866-+-.59054 oO —.0736 —.01182 
DHHT 3343 3445 3.5909 s +-1.2441-+.5950 0 —.0885 —.01309 
USHT 29043 .3019 3.046 5 + .7972+-.6034 0 —.0258 +.00521 
USHHT .2760 .2860 3.086 s L. .9933-+.5763 0 —.0091 +-.01484 
USDT 2507 2648 1.963 5 +-7.2248+-.5231 oO —,.0018 +-.02189 
USDDT .2818 .2877 2.844 s +-1.0344+.5623 0 —.0153 +-.01170 
FSHT .2489 .2590 2.960 s 1_7.2488+-.5280 o —.0956 —.03840 
FSHHT .2274 .2357 2.808 s +-1.0355-+-4757 0 —.0025 —.03364 
FSDT .2037 .3030 2.777 s=-+ .7971-+.6012 o —.0170 —.01164 
FSDDT 2744 2808 2.710 s +-1.310I+.5517 oO —.0546 —.02605 
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DIAGRAM 1.—Straight lines showing the regression of number of seeds matured 
upon number of ovules formed per pod in 16 cultures of Phaseolus. 


In the sets of observations already published there were by both 
methods 35 series in which the asymmetrical pods showed a lower 
capacity for maturing their ovules into seeds as compared with 18 in 
which they showed a higher capacity. This comparison is of course 
based on signs only. An analysis of the results on the basis of the 
magnitudes of the coefficients will be made presently. 

Considering all the constants available up to the present time, it is 
clear that as analyzed by the regression line method there are 50 series 
in which the asymmetrical pods show a smaller capacity for maturing 
their ovules into seeds as compared with 19 in which they show a higher 
capacity. If conclusions be drawn from the coefficient of fecundity 
method, the results are in practical agreement. Thus 46 of the 69 
series show a lower capacity for maturing ovules into seeds in the 
asymmetrical pods. 

These are rather wide deviations from the equality which one would 
expect if there were no biological cause for differences in the fertility 
of the two classes of pods, i. e., if the differences observed were due 
purely and simply to the probable errors of random sampling. If such 
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D1acGRAM 2.—Regression straight lines with empirical mean numbers of seeds per 
pod in four series of Phaseolus. 


were the origin of the observed differences in the fecundity of the two 
classes of pods, there should be, within the limits set by the probable 
error of random sampling given by 
67449 V 69X.5X.5 
an equal division into two groups in one of which the symmetrical and 
in the other of which the asymmetrical is the more fertile. The actual 
deviation of the observed number of positive and negative coefficients 
from equality is, 
For the regression line method 
50 — 34.5 = 15.5 + 2.80 
For the coefficient of fertility method 
46 — 34.5 = 11.5 + 2.80 


These deviations from equality are about 5.5 and 4.1 times as large as 
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their probable errors and must, therefore, be looked upon as probably 
significant. 

The results by the regression line method are so uniform throughout 
that it is difficult to discuss the closeness of agreement of this and the 
coefficient of fecundity method on the new materials. Combining the 
present series with those previously published, we have the results set 
forth in the accompanying table. 


Coefficient of fertility method 











4 — Totals 
ae) + 15 4 19 
2 0 =a 
b E — 8 42 50 
we — 
Totals 23 46 69 


Thus the two methods, which do not necessarily give identical results, 
are in very close agreement indeed. Series which are classified as show- 
ing a negative relationship by one method will in the great majority of 
instances—in 57 of the 69 available cases—show the same relationship 
when classified by the other method. Were the two methods employed 
not thus consistent, no confidence whatever could be placed in the re- 
sults. That they are not in universal agreement is due to the fact that 
no single method of analyzing the data so far known is without some 
objectionable feature. 

A comparison of the two methods of determining the relationship 
between bilateral asymmetry and the capacity of the ovary for maturing 
its ovules into seeds, which takes into account the magnitudes of the 
constants, instead of their signs merely, may best be made by deter- 
mining the correlation between them. This is found to be 

r= 8577, 


a value indicating a very close agreement indeed. The relationship is 
represented graphically in diagram 3 in which the closeness of agree- 
ment is shown by the slope of a straight line representing the regression 
equation deduced from the correlation coefficient. The solid dots show 
the position with reference to the two general means and the regression 
straight line of both constants for the 69 individual series. The shaded 
areas show the magnitude of the deviation of the two general means 
for the two methods of measurement from the zero which would be 
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expected as the average of the constants if there were no difference 
in the capacity of the two types of pods for maturing their ovules into 
seeds. 

One of the strongest evidences for the validity of the conclusions 
concerning a negative relationship between bilateral asymmetry with 
respect of ovule number and capacity for seed production is the con- 
sistency of results obtained at different times with series of materials 
which in many ways are quite dissimilar. The results have been worked 
up in four lots as the data have accumulated. These series have been 
counted, tabled and analyzed at periods several years apart. Classifying 
the data into these purely arbitrary groups, the results for the signs of 
the coefficients measuring the capacity for seed production of asym- 
metrical pods are as follows: 


By the regression line method: 
Lot I. 20 series, 15 negative and 5 positive, 
Lot 2. 20 series, 12 negative and 8 positive, 
Lot 3. 13 series, 8 negative and 5 positive, 
Lot 4. 16 series, 15 negative and I positive. 

By the method of comparison of coefficients of fecundity: 
Lot I. 20 series, 14 negative and 6 positive, 
Lot 2. 20 series, 12 negative and 8 positive, 
Lot 3. 13 series, 9 negative and 4 positive, 
Lot 4. 16 series, I1 negative and 5 positive. 

Such uniformity of results can hardly be due to chance. It indicates 


the existence of a real biological relationship between asymmetry and 
capacity for seed production. 














Regression line Dae ide 
— method method Totals 
Negative Positive Negative Positive 
Navy (H) 9 4 10 3 13 
Navy (D) 9 4 10 3 13 
Burpee’s Stringless (G) 5 3 6 2 8 
Ne Plus Ultra (U) 10 5 3 12 15 
White Flageolet (F) 14 I 14 I 15 
Golden Wax (L)| 3 o 3 o 3 
Black Wax (BW) fe) 2 o 2 2 
Totals 50 19 46 23 69 
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As another check upon our conclusions, the constants for all available 
series may be classified by varieties, as in the table immediately above. 

Note that in every variety with the exception of Ne Plus Ultra and 
Black Wax (in which the materials were very unsatisfactory) the rela- 
tionships are of the same general kind. 

Turning to averages as a means of closer analysis, I find the follow- 
ing results for the 16 new series. The constants obtained from the 53 
series investigated some years ago are added for comparison and the 
averages based on al! the available data are laid beside the others. 


Regression line method, 


New series —.0426 
Earlier series —.0139 
All series —.0202 


Coefficient of fecundity method, 


New series —.0088 
Earlier series —.0040 
All series —.0051 


If instead of giving the constants for the 69 series equal weight in de- 
5 5 | § 

termining their average value, they be loaded with the number of asym- 

metrical pods upon which they are based, the results are as follows: 


Regression line method, 


New series —.0428 
Earlier series —.O125 
All series —.OIQI 


Coefficient of fecundity method, 


New series —.0096 
Earlier series —.0037 
All series —.0050 


Thus the average values of the constants, as well as the distribution 
witR regard to signs, indicate a lower capacity for seed development 
in the bilaterally asymmetrical pods. 

By both methods the magnitudes of the differences are larger in the 
second series of determinations than they are in the first. This is the 
result which one would expect if there be a negative relationship be- 
tween asymmetry and capacity for seed production and if the second 
series of determinations is technically the better of the two. 
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The question naturally arises: Why, if there be really a negative 
relationship between morphological asymmetry and physiological capac- 
ity, do a certain number of the coefficients show a positive correlation 
between these two variables, i. e., indicate that the asymmetrical pods 
are more capable of carrying out their physiological functions than the 
symmetrical ? 

There may be biological factors not yet fully investigated underlying 
this phenomenon, but I think it is due chiefly to the slightness of the 
relationship under investigation and the difficulty of obtaining samples 
of data adequately large and sufficiently free from error to demonstrate 
the general law in each individual instance. For two reasons large 
differences should not be expected between the fertility of symmetrical 
and asymmetrical ovaries. First, the actually existing asymmetry in 
these cases is not large. Second, the correlation between somatic char- 
acters and fertility is (as I have shown in papers which need not be 
cited here) generally low. 

In such delicate interdependencies, there is always the possibility that 
the errors of sampling may give even a false sign to a constant based 
upon samples of the size that one is ordinarily able to secure in bio- 
logical work. In any series of determinations one must, therefore, ex- 
pect a number of the constants to bear positive signs, even though the 
actual biological relationship in an infinitely large population may be 
a negative one. 


RECAPITULATION 

The foregoing pages present the results of the statistical reduction 
of data bearing on the problem of the relationship between bilateral 
asymmetry with respect of number of ovules produced on the two 
carpellary margins and the capacity for seed production of the unilocular 
fruit. 

Primarily, they set forth the constants derived from the data of 16 
hitherto unanalyzed series of garden beans, comprising a total of 56698 
pods. Secondarily, they give the results of comparison and combination 
with the constants from 53 series comprising 166130 pods published 
in I9I2. 

The constants of either of these lots of data taken independently 
may be considered to establish the conclusion that there is a negative 
relationship between bilateral asymmetry and the capacity of the pod 
for maturing its ovules into seeds. 


Genetics 2: Mh 1917 











J. ARTHUR HARRIS 


LITERATURE CITED 


BLAKEMAN, J., 1906 On tests for linearity of regression in frequency distributions. 
Biometrika 4: 332-350. 

Gisson, W., 1906 Tables for facilitating the computation of probable errors. Bio- 
metrika 4: 386-393. Also in Pearson’s Tables. 

Harris, J. ArtHur, 1910 The arithmetic of the product moment method of calcu- 
lating the coefficient of correlation. Amer. Nat. 44: 693-600. 

1912a On the relationship between bilateral asymmetry and fertility and fecundity. 
Arch. f. Entwicklungsmech. d. Organ. 35: 500-522. 


1912b_ A first study of the influences of the starvation of the ascendants upon the 


characteristics of the descendants. Amer. Nat. 46: 313-343, 656-657. 
1914 On the correlation between somatic characters and fertility. IT. 
tions from Phaseolus vulgaris. Amer. Jour. Bot. 1: 398-411. 

Studies on the correlation of morphological and physiological characters: 


The development of the primordial leaves in teratological bean seedlings. 
Genetics 1: 185-196. 


Illustra- 


1916 




















THE APPLICABILITY OF PEARSON’S BISERIAL r TO 
THE PROBLEM OF ASYMMETRY AND FERTILITY 
IN THE UNILOCULAR FRUIT 
J. ARTHUR HARRIS 


Station for Experimental Evolution, Cold Spring Harbor, N. Y. 


[Received December 25, 1916] 


INTRODUCTORY 

When Pearson (1909) published his formula for measuring 
the intensity of relationship between an alternative and a quantitatively 
measured variable, it was quite clear that the method might be used 
in certain problems of fertility and fecundity which had then been under 
investigation for several years. In preparing a first paper on these 
studies (Harris 1912) it seemed desirable to forego the application 
of correlation methods to the problem until the formula had been some- 
what more widely tested in practical work. The present paper proposes 
to illustrate the applicability of this method, unfortunately little used 
by biologists, to the problem of the relationship between bilateral asym- 
metry and capacity for seed production in the unilocular fruit. 

Beyond any value which it may have as indicating biological applica- 
tions for a valuable but as yet little recognized formula, the paper is 
solely a contribution to the further analysis of data presented elsewhere 
(Harris 1912, 19174). 

It may be said at the outset that while correlation formulae are not 
essential for the demonstration of the existence of relationships of the 
kind under investigation, their application does allow of the measure- 
ment of the intensity of the interrelationship on a quantitative scale. 
Their use marks, therefore, the transition from relatively qualitative 
to relatively quantitative work. 

METHODS 

The method of analysis here employed is in essence very simple. Let 
Yao be the correlation between asymmetry and number of ovules laid 
down, r,s, the correlation between asymmetry and number of seeds 
matured. Now the values of r,, will be to some extent influenced by 


1 Studies on the correlation between morphological and physiological characters. III. 
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these of 7,,, since 7,,, the correlation between number of ovules and 
number of seeds per pod, has always (in Phaseolus) been found to 
have a substantial positive value. To obtain a measure of the correla- 
tion between asymmetry and number of seeds produced free from the 
influence of the correlation between asymmetry and number of ovules, 
the well known partial correlation formula for three variables has been 
employed. 

The only assumption necessary in the application of the biserial r 
is that the alternative character is normal in its frequency distribution. 
While asymmetrical and symmetrical, as measured by the “odd” or 
“even” number of ovules formed, must formally be regarded as truly 
discontinuous, they cannot be so considered fundamentally. Number 
of ovules while nominally a discrete variate is in reality dependent upon 
a large number of antecedent proximate causes, physiological and 
morphological, which are essentially continuous in their influence. 
Whether these shall produce an odd or an even number of ovules de- 
pends in all probability upon purely quantitative differences in the 
weight of these factors. For the great majority of practical purposes 
such variations may be considered to follow the normal or Laplace- 
Gaussian law. 

Thus all that we require for the expression of the results for the 69 
series of Phaseolus for which data on the number of ovules formed 
and the number of seeds matured per pod are now available, on as 
nearly as possible a truly quantitative scale is the 138 correlation co- 
efficients for asymmetry and ovule and seed numbers, the 69 correlation 
coefficients for number of ovules and seeds, and the 69 partial correla- 
tions between asymmetry and number of seeds for constant number of 
ovules per pod. 

It may be useful to illustrate the processes. In the simple formulae 

(0g—0) /o, (Sa—S) ‘Gs 





Cao = —————_, "as = ———— 
2/J : 2/T 

Oa, Sq indicate the mean number of ovules and seeds in asymmetrical 
pods, 0, s, the mean number of ovules and seeds in all pods, o,, o, the 
standard deviations of number of ovules and seeds in the population at 
large. Thus the evaluation of the numerator is very simple indeed, 
consisting merely in the determination of the ratio of the deviation of 
the mean of the selected class from the population mean to the popula- 
tion standard deviation. Note that the sign of the correlation coefficient 


is given at once by 0, — 0, Sa —S. 
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‘The value of the denominator must be determined from SHEPPARD’S 
tables of the probability integral (SHEPPARD 1902). 

The necessary constants may be obtained in either of two ways. An 
illustration of the actual arithmetic may be useful to those who would 
like to follow the work in detail. 

For series NHHHT 

+ (I —a) = 3098/7429 = .4170144 
2 (I +a) = 4331/7429 = .5829856 
a = .1659712 
SHEPPARD'S tables I-II (II of PEARsoN’s volume) give for the lower 
value of 4 (1+e) 
y (I+) = .5792597, A = .0039065 


Hence 
@ = (.5829856 — .5792597) / 0039065 = .95377 
6 (I— 6) /2! = .04409 
The values of s corresponding to 4(1+«a) = .5792579 in SHEPPARD’S 
tables are 


S = .3910427, A = .0008008, A* = .0000373 

Whence by the advancing difference formula 

6 (1— 6) 
2 ! 


u = tt, + OAu, — A*x, 


S = .3910427 — (.95377 x .0008008) + (.02205 x .0000373) = 3902797 
Using table III we have 
a= .16, s = .3908939, A = .0010415, A® = .0000641 


6 = .59712, 2G) = .12028 


Whence by the advancing difference formula 
Z = .3908939—(.59712 X.0010415 ) + (.12028 X .0000641 )—=.3902796 
a value differing by only 1107 from that derived from SHEPPARD’S 


tables I-II, notwithstanding the small number of decimals retained in 
clearing the formulae. 


RESULTS 


The values of 105, %a0, and 7g,, which are essential for the determina- 
tion of the partial correlations between asymmetry and number of seeds 
matured for constant numbers of ovules per pod, are given in the first 
three columns of the accompanying table. 

The values of r,, are treated in sufficient detail in a forthcoming paper 
(Harris 1917 b). Researches which may facilitate the interpretation of 
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the values of r,, and r,, are still in progress. They will not, therefore, be 
discussed in this paper, further than to point out that both are pre- 
ponderantly negative in sign, 1. e., that as a rule a lower number of 
both ovules and seeds is associated with asymmetry. 

The values of ,r,, are distributed between positive and negative in the 
ratio 19:50. Thus they show a deviation of 15.5 + 2.80 from an 
equality of division into positive and negative coefficients. Since the 
number of negative partial correlation coefficients is distinctly greater 
than the number of positive ones, the asymmetrical pods are relatively 
as well as absolutely less fertile than the symmetrical ones. 

The values of ,7,, are generally low. They range from —.0996 to 
+.0817, with a general average of —.0185. The average for the 19 
positive partial correlations is +-.0269 as compared with —.0358 for 
the 50 negative coefficients. Thus there is not merely a negative general 
average, but the average magnitude of the coefficients which are nega- 
tive in sign is numerically larger than that of those which are positive 
in sign. 


The results may now be compared with those secured in the other 


Series 











‘os Yao Yas | of as 
ke .3740 —.0254 —.0204 —.o118 
Li. .3507 —.1932 —.0717 —.0030 
LG .1070 +.2373 —.0321 —.0595 
BW 1766 —.0327 +.0746 +.0817 
BW. 1281 —.9286 +-.0395 +-.0425 
G .5420 —.0106 —.0313 —-.0303 
GG .2460 —.0163 —.022I —.0187 
GGH 4611 —.0301 —.0237 —.O110 
GGH, .5167 —.1173 —.0559 +.0055 
GGHH 4891 —.1265 —.0901I —.0326 
GGD 3616 +.0952 -+.0390 -++.0050 
GGD, 4257 —.0388 —.0503 —.0374 
GGDD .3863 +.1547 --.0998 | +.0439 
H 4444 —.3451 —.1304 —.0167 
HH 5109 —.2781 —.1420 +-.0002 
HHC 5037 —.3212 —.1286 +.0405 
HHT 4177 +.0806 —.0013 —.0387 
HHH .4257 —.3780 —.1882 —.0325 
HHHC .5007 —.2505 —.1429 —.0208 
HHHT 3816 +.0284 —.0212 —.0346 
HD 4178 +.1444 +.0766 +.0181 
HDC 5004 —.2518 | —.1677 —.0474 


HDT 3819 +.0273 —.0605 —.0768 








Series 


BISERIAL r 





HDD 
HDDC 
HDDT 
D 

DD 
DDC 
DDT 
DDD 
DDDC 
DDDT 
DH 
DHC 
DHT 
DHH 
DHHC 
DHHT 
USC 
USS 
USSC 
USH 
USHC 
USHT 
USHH 
USHHC 
USHHT 
USD 
USDC 
USDT 
USDD 
USDDC 
USDDT 
FSC 
FSS 
FSSC 
FSH 
FSHC 
FSHT 
FSHH 
FSHHC 
FSHHT 
FSD 
FSDC 
FSDT 
FSDD 
FSDDC 
FSDDT 
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Yos Ya ) Yas of” as 
-4999 —.O116 —.O119 —.0070 
.4635 —.4016 —.1994 —.0163 
3625 +.0234 —.0164 —.0267 
5214 —.0075 —.0335 —.0346 
.4963 +.2423 +.1118 —.O0100 
.4633 —.4944 —.2279 +.0015 
3815 —.2921 —.0895 +.0248 
-4437 +.3536 -+-.1608 +.0046 
.4292 —.4401 —.2362 —.0582 
3678 —.1761 —.1182 —.0637 
5476 —.257 —.1315 +.0114 
.4094 —.4939 —.2244 —.0280 
.33C7 —.2324 —.1370 —.0055 
.4462 —.3183 —.1466 —.0054 
.4375 —.4420 —.2333 —.0494 
3343 —.2882 —.1604 —.o809 
.3309 —.5046 —.1665 -++-.0007 
.5050 —.2408 —.1384 —.0194 
3319 —.4800 —.1366 +.0274 
.4700 —.1736 —.0552 +.0299 
.3224 —.4644 —.I510 +.0014 
2044 —.4802 —.1614 —.0240 
.3658 —.4046 —.1192 -+.0310 
.3182 —.3607 —-.1417 —.0273 
.2761 —.5244 — TGIF —.0085 
.3762 +.0140 —.0224 —.0299 
.2447 —.4542 —.0559 -+.0640 
.2507 —.5031 —.1322 —.0018 
.3607 +.1834 +.0319 —.0392 
.3153 —.4512 —.1453 —.0036 
2818 —.4487 —.1383 —.0138 
-3444 +.1691 +.0017 —.o611 
.3672 —.004I —.0423 —.0439 
4115 +-.1689 +.0264 —.0480 
.4580 —.3819 —.1832 —.O100 
.2684 +.0706 —.0650 —.0874 
.2490 +.2948 +.0024 —.0767 
.3982 —.5785 —.2653 —.0466 
.3247 0086 —.0629 —.0604 
.2274 +.3221 +.0247 —.0527 
.4332 —.0465 —.0242 —.0046 
2665 -+.0625 —.0791 —.0996 
.2037 +-.2709 +.0667 —.0139 
.4212 —.0633 +.0287 +.0612 
3284 +.0237 —.0596 —.0714 
2745 +.2710 +.0325 —.0452 
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two methods of analysis. This may be most conveniently done by 
means of the correlation coefficient. 


The results are: 
For Jes and F,— F, method 
r == 850 + .023 
For fs; and mean deviation from regression straight line method 
r = .986 + .002 


The straight line regression equation is shown for the mean deviation 
method and the ,7,, method in diagram 1. Here the actual constants 
secured by the two methods are indicated by solid dots. The shaded 
areas show the amount of deviation of the means from zero which would 
be expected if there were no relationship between asymmetry and capac- 
ity for seed production. 

It is unnecessary to represent the relationship between the results of 
ofag and the F,—F, method graphically, since the correlation between 
the partial correlations and the mean deviations is so close that the 
graph already published for the mean deviation and the F,—F, method 
(Harris 1917 a, diagram 3) is, for all practical purposes, identical with 
it. 





RECAPITULATION 


In earlier papers it has been shown that there is a negative correlation 
between bilateral asymmetry in the unilocular fruit of Phaseolus and 
its capacity for maturing its ovules into seeds, asymmetrical fruits being 
less capable of seed development than symmetrical. 

While the two proofs of the existence of the relationship there em- 
ployed are quite valid, they do not express the intensity of the correla- 
tion on the universally comparable scale of —1 to +1. This has been 
the purpose of the present paper. 

PEARSON’S bi-serial r has been shown to be a suitable constant for 
measuring the correlation between asymmetry and actual numbers of 
ovules and seeds per pod. The influence of the correlation between the 
number of ovules and the number of seeds per pod upon the correlation 
between asymmetry and the number of seeds matured has been elimi- 
nated by the use of the partial correlation formula for three variables, 
one of which is constant. 

The results are, therefore, expressed in terms of the partial correla-. 
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“< 


tion between asymmetry and number of seeds matured for constant 


number of ovules per pod. 


The constant is found to be of a very low order. The average value 
of (fas for the 69 series of Phaseolus now available is about —.020. 
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